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Bilateral state-based modal logic (BSML)—introduced to model neglect-zero effects
and to account for free choice inferences and related phenomena.
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Bilateral state-based modal logic (BSML)—introduced to model neglect-zero effects
and to account for free choice inferences and related phenomena.

Neglect-zero tendency: tendency to disregard structures that verify sentences by virtue
of some empty configuration.

LA A] (m,0,m] [, [2,2,4]; [C, A, s8]

(@) Verifier (b) Falsifier (c) Zero-models

Models for the sentence Every square is black.
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Bilateral state-based modal logic (BSML)—introduced to model neglect-zero effects
and to account for free choice inferences and related phenomena.

Neglect-zero tendency: tendency to disregard structures that verify sentences by virtue
of some empty configuration.

[m,m, m] [m,0,m] [ [2,8,8]; [0, 4, a]
(a) Verifier (b) Falsifier (C) Zero-models

Models for the sentence Every square is black.

We present a natural deduction system for BSML.

We also examine expressive power: We have no expressive completeness result for
BSML; we introduce and axiomatize two expressively complete extensions.
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Bilateral State-based Modal Logic

M=(W,R,V)
standard Kripke semantics state-based /team semantics
M, w k¢ M;skE ¢
welW scW
Wp Wpq Wp Wpq
Wq w Wq W
Wp = P {Wpaqu}':P
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Bilateralism

“¢ is assertable in s” SEQ
“¢ is rejectable in s” s=¢
Bilateral negation

S'=—|¢

A 4/



Syntax of BSML

¢:=p|=¢|(pnd)|(pVvP)| Oo|NE
Semantics (&)

sEp <~ VYwes:weV(p)

SkE ¢ <~ s=H¢

SEOANY <— skE¢andsEY

sE¢pvYy << It,t':tut'=sandtkEgand t' =
skE O <~ Vwes:JtCR[w]:t+Fand tE=¢
SENE — s+

R[w]={veW|wRv}

u]
)]
1
n
it
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Ywes:weV(p)

@
o
0 srp

(b) st p
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Syntax of BSML

¢:=p|=¢|(pnd)|(pVvP)| Oo|NE
Semantics (&)

sEp <~ VYwes:weV(p)

SkE ¢ <~ s=H¢

SEOAY <= skE¢andsEY

sE¢pvYy << It,t':tut'=sandtkEgand t' =
skE O <~ Vwes:JtCR[w]:t+Fand tE=¢
SENE — s+

R[w]={veW|wRv}

u]
)]
1
n
it
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Tensor disjunction v
SEpVY <—

Jt,t': tut'=s and
0 and
t' =

L
® ®e
(a) skEpva

(b) sEpvg

N /a6



The non-emptiness atom NE

S ENE

—

S*¥Q
o ® ®
- @ @
(a) sE (pANE) V(g ANE)

(b) s ¥ (pANE) Vv (g ANE)
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The modality &

R[w]={veW|wRv}
sEOP < Vwes:ItCR[w]:t+gandtE¢
sE<Og since
{Wq}gR[Wq]

twd and {Wpq} € R[wp]
Wqy Eq

{qu} Faq

A 10746



We can model the neglect-zero tendency in BSML using the pragmatic enrichment
function []*

1% = p ANNE

(~¢)* = -¢" ANE
CYSON = (¢" AYT) ANE
CAZON = (" V') ANE
(09)* = O ¢" ANE

oA 11746



Free choice (FC) inferences:

You may have coffee or tea.

~You may have coffee and you may have tea

(Olcvit))"ECcAOL

i.e. O((cANE)V (tANE)) E OcA Ot

A 12/46



O ((cANE) V (EANE)) = OcA Ot

{w} = O((cANE) vV (t ANE)) since

o 3 ST = %0 13/46



O ((cANE) V (EANE)) = OcA Ot

e
@

{w} E O((cANE) Vv (t ANE))

since

{we}Ecand {w;} =t
for the same reason, {w} = Gc A Ot

[m]

=

N 13/46




Extensions:

BSMLY: BSML with the global /inquisitive disjunction w
SEQWY <= skE@porskEY

BSML®: BSML with the emptiness operator @

SE ¢

—

SE¢pors=9g

DA 14/46



Semantics (=)

s=ip — Vwes:w¢V(p)

s=-¢ — sk

s=HoAyY << It,t':tut'=sandt=¢pandt' Hv
sH¢pvyYy <= s=H¢pands=H

sH¢wy <= s=H¢ands=

s 00 <~ Vwes:Rw]=H¢

S =5 NE — s=g

s = 0¢ — s=H¢

u]
&)
1
n
it

A 15/46



BSML Expressive power Axiomatizations References
0000000000000 e000 000000000 000000000000 000000

Semantics ()

s=p — Vwes:w¢V(p)
s=-¢ <~ skE¢
s=HoAyY << It t':tut'=sandt=gpand t' H7¢
s=H¢ovy <= s=¢ands=1
sH¢wy <= s=H¢ands=
s= O <~ Vwes:R[w]=H0¢
s = NE — s=g
s=H Q¢ — s=H¢
-« behaves classically when « is classical (no
NE, ¥, @)
SN —p=¢ (D) = ~p A
sEOp < Ywes:R[w]E ¢ SNE=pA-p (dAYP) =gV g

~0¢=-¢ (pwip) =-p At
_‘<>¢ED_‘¢ 15/46



Weak contradiction L:=pA-p. sE 1 < s=4@.

Strong contradiction Il:= 1 ANE. s =1l is never true.

N 16/46



Weak contradiction L:=pA-p. sE 1 < s=4@.

Strong contradiction Il:= 1 ANE. s =1l is never true.

= 1LWNE

QPp=1w¢

F ONE

N 16/46
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Closure properties

¢ is downward closed: [M;sk=¢andtcs] = M,tE=¢

¢ is union closed: (M,;seg¢forallseS+g] =— M,|JSE¢
¢ has the empty state property: M, &= ¢ for all M

¢ is flat: MsE¢ <= MA{w}Ee=g¢forallwes

flat <= downward closed & union closed & empty state property
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Closure properties

¢ is downward closed: [M;sk=¢andtcs] = M,tE=¢

¢ is union closed: (M,;seg¢forallseS+g] =— M,|JSE¢
¢ has the empty state property: M, &= ¢ for all M

¢ is flat: MsE¢ <= MA{w}Ee=g¢forallwes

flat < downward closed & union closed & empty state property

Formulas in classical modal logic ML (no NE, W, @) are flat and their state semantics
coincide with their standard semantics on singletons {w}:

sEa = Vwes:{wlka < Ywes:wk

17/46



Formulas with NE may lack downward
closure and the empty state property:

]
B3

{wp,wg} = (PANE)V(qANE) {wp}
{wq} # (pANE)V(qANE) {wq}

Formulas with w may lack union
closure:

= pwgq
= pwgq
{wp,wg} # pwg

A 18/46
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Expressive Power
We show BSMLY and BSML® are expressively complete and:

ML < BSML < BSML® < BSMLY
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Expressive Power
We show BSMLY and BSML® are expressively complete and:

ML < BSML < BSML® < BSMLY

Fix a finite set of proposition symbols ¢

Pointed state model: (M,s) where M is a model over ®; s is a state on M
state property: set of pointed state models

[0ll={(M,s) [ M,s = ¢}

{lloll [ ¢ € BSML™}

{property P | P is invariant under state k-bisimulation for some k € N}

19/46



state bisimulation:

s s =

forth: Vwes:qw' es’ :w e, w'

N 20/46



state bisimulation:

s s =

forth: Vwes:qw' es’ :w e, w'

back: Vw'es’ :Iwes:we,w

N 20/46
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state bisimulation:

A A
| w2
s s =
forth: Ywes:3w' es :w e, w
back: Vw' es’ :Iwes:w e, w w3 e A
S 5’

modal depth md(¢): measure of maximum nesting of modalities in ¢. E.g.
md(Opvo(gaop)) =2

s=Ks"i = sk ¢iff s’ = ¢ for all ¢ with md(s) < k

Theorem (bisimulation invariance)

sep s — s="s

20/46
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Property P is invariant under state k-bisimulation:

[((M,s)ePand M;s<, M' '] = (M',s')eP

{lloll | ¢ € BSML™}

{property P | P is invariant under state k-bisimulation for some k € N}

21/46



Characteristic formulas for worlds (Hintikka
formulas)
0 .
XM,W =

k
XM,W A

NplweV(p)yaN=p|wéV(p)} (pe®)
il -

A Oxiny AoV Xiy
veR[w] veR[w]

w' k:;xﬁ; — w ey w'

APEN G4
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Characteristic formulas for worlds (Hintikka

formulas)
Xvw = NplweV(p)IaA{-p|wéV(p)} (ped)
X = Xmwr A OxmvrD V X

veR[w] veR[w]

W’lzva <~ Wﬁkwl

Characteristic formulas for states:

Oy = 1L ifs=@ (L:=pA-p)
Ofs = V(XMwANE) ifso
WES

SEOF = seps
22/46
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Characteristic formulas for properties
for P invariant under k-bisimulation:

M s'= 95 — (M',s')eP
(M,s)eP

{ll¢ll | ¢ € BSML™}

{property P | P is invariant under state k-bisimulation for some k € N}

This also yields a disjunctive normal form for formulas of BSMLY:

¢ = V 9;7"“1((15)
(M,s)el|¢ll

23/46
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Property P is union closed-

{M,sj)|iel+a}c P = (M,|Js))cP

iel

{ligll | ¢ € BSML®}

U:= {P| P is union closed and invariant under k-bisimulation for some k € N}

24/46
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Property P is union closed-

{M,sj)|iel+a}c P = (M,|Js))cP

iel

{ligll | ¢ € BSML®}

U:= {P| P is union closed and invariant under k-bisimulation for some k € N}

BSML is union closed, but not expressively complete for U
Example: ||(p ANE) Vv (=p ANE)||U||L|| € U but not expressible in BSML

in BSML®: o((p ANE) V (=p ANE))

24/46
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/ k /
s k=0, — seys
/ k /
s' = ob; — seps ors=g

Characteristic formulas for union-closed properties with the empty state property:

M s'= \/ off —= (M, s)eP
(M,s)eP
Characteristic formulas for union-closed properties without the empty state property:

M, s'=NeAn \/ 0bf — (M s')eP
(M,s)eP

{ll¢ll | ¢ € BSML®}

{P | P is union closed and invariant under k-bisimulation for some k € N}
=r ™ = et 25/46
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{ll¢ll | ¢ € BSML™}

{P| P is invariant under k-bisimulation for some k € N}

Normal form: ¢ = \/ grd(®)
(M.s)ell4ll

{ll¢ll | ¢ € BSML®}

{P | P is union closed and invariant under k-bisimulation for some k € N}

Normal forms ¢ = \/ 20m9(®) or p=NEA oomd(?)
(M.s)elloll (M,s)el|¢]]

References

26/46
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Expressive powers compared:

— N e o 7

() 1 ()} (e, w0 )— (D — D

\downward closed

= (+): extended dependence atoms: s ==(aq, ..., ap, 8) : <=

vw,w' es: (wk a; — w' Eajforallie{l,...,n}) implieswi 8 < w =83
c: extended inclusion atoms: s = ag,...an € B1,...,8n:
Vwes:ves:wkEa; < vi B forallie{l,...,n}

L: extended independence atoms: s = a1, ... nlyy, .y, B, -, B =

Vw,w' es:(wk v — w' =~;)implies Ives: (wk a; — viEa;)and (W = ;] < v Bj)and (wk v < viE )

~: Boolean negation: s=~ ¢ : <= sk ¢ 27/46
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System for BSML"

a and B: classical formulas (no NE or w or @).

Axiomatizations
©00000000000000000

References

—-introduction
[a]
DX—
1
—a I(*)

—-elimination

D D,
(6] - _E

B

(*) The undischarged assumptions in D* do not contain NE.

28/46



A-introduction
Dy

A-elimination
D> D D
o 000 000
w-introduction w-elimination
D D ; [g] [;)/,]
¢ P 1 2
vy V! owy VO X X,

A 29/46
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00®000000000000000

References

v-weak introduction

D
¢

W VI(**)

v-weak elimination

(6]  [¥]
D D; D}

A X X E(+1)

X

v-weakening

D
¢
oV

vW

v-weak substitution

[¥]
D D;

% vSub(+)

(*) The undischarged assumptions in D;', D; do not contain NE.

(*%) 1 does not contain NE.

(1) x does not contain W, or x is of the form <&n or On.
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v-commutativity
D
i\\//ﬁ Comv
vw-distributivity
D
ovwx) .
Gvd)w(ovy) oY

A 31746



1-elimination li-contraction NE-introduction
D D
V1 v L —~ = NE/
ovL g VL L WNE
¢ (0

A 32/46




—NE elimination

Double - elimination

D D
T -NEE 3 DN
De Morgan's laws

D D D

- N - \ - W
RO R G20 NNV CL20 M

oVt oA —pA-

A 33/46



BSML
00000000000000000

Modal rules:

Expressive power Axiomatizations
000000000 000000e00000000000

References

<&-monotonicity

[¢]
D’ D
v O

o0 <O Mon(+)

O-monotonicity

Y D1 s O¢n

OO-interaction

D

Inter & O

- ¢
0-¢

(*) D' does not contain undischarged assumptions.

oMon(*)

34/46



& W v-conversion 0O W Vv-conversion
D D
O W
<<>>EZ5¢VW<;[1}Z Conv & wv % Conv O wv

A 35/46
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References

000000000 é)gggggzaéi.ogsoooooooo
O-separation $-join
D Dy D
O(9v (Y ANE)) Cp 0P .
O Se ——————— O Join
oU P oV )
O-instantiation oo-join
D D1 D
0(¢ ANE) Op O -
oo J
) Olnst a(év ) < Join
SEOP <= Vwes:JtCR[w]:t+@and t = ¢

sEOp «— Vwes:R[w]E¢
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Completeness
We use the disjunctive normal form:

A 37/46



Completeness
We use the disjunctive normal form:
Lemma:

6 € BSMLY

>

Yk > modal depth(¢) : 3P :

o Y OF

(M,s)eP

N 37/46



Completeness
We use the disjunctive normal form:
Lemma:

¢ € BSMLY

>

Vk > modal depth(¢):3P: ¢ \J 6%
P

(M,s)eP

A 37/46



Completeness
We use the disjunctive normal form:
Lemma:

pe BSMLY =  Vk>modal depth(¢):3P: ¢ \/ 6%
(M,s)eP
oy =V 0= V o
(M,s)eP (N,t)eQ

A 37/46



Completeness
We use the disjunctive normal form:
Lemma:

pe BSMLY =  Vk>modal depth(¢):3P: ¢ \/ 6%
(M,s)eP
orv =V o= Y o
(M,s)eP (N,t)eQ
= VY(M,s) e P:3(N,t) e Q: s<et

A 37/46
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Completeness

We use the disjunctive normal form:

Lemma: [¢ € BSMLY =  Vk>modal depth(¢):3P: ¢ \/ 6X
(M,s)eP

o=y = Y 0= \ of

(M,s)eP (N,t)e@Q

= Y(M,s)e P:3(N,t) e Q: s<t
0k - ok

37/46
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Completeness

We use the disjunctive normal form:

Lemma: [¢ € BSMLY =  Vk>modal depth(¢):3P: ¢ \/ 6X
(M,s)eP

o=y = Y 0= \ of

(M,s)eP (N,t)e@Q

= Y(M,s)e P:3(N,t) e Q: s<t
0k - ok

= V -V ¥

(M,s)eP (N,t)eQ
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Completeness

We use the disjunctive normal form:

Lemma: [¢ € BSMLY =  Vk>modal depth(¢):3P: ¢ \/ 6X
(M,s)eP

o=y = Y 0= \ of

(M,s)eP (N,t)e@Q

= Y(M,s)e P:3(N,t) e Q: s<t
0k - ok

— W 0+ Y 0f = o¢rv

(M,s)eP (N,t)eQ
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System for BSML®

Omit w-rules and add:
Qp=o¢pw 1l
BSML®

Axiomatizations
000000000080 000000

BSMLY

References

@-introduction
D D
1 ¢
—— ol -
Y, 00 ol

O@NE-introduction —@-elimination

D
W®NEI -Q¢

—¢

-oE

w-introduction

D D
© v
oW X

NE-introduction

Twng NE/
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[x,m]y: the specific occurrence of the formula x beginning at the m-th symbol of ¢

o(10/[x,m]): the result of replacing [x, m] in ¢ (if it exists) with

A 39/46
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[x,m]s: the specific occurrence of the formula x beginning at the m-th symbol of ¢

o(10/[x,m]): the result of replacing [x, m] in ¢ (if it exists) with

[x, m] is w-distributive in ¢: [x, m] is not in the scope of any =, & or O in ¢

w distributes over A, v, W, and @, but not over -, $, or O.

So if [x, m] is w-distributive in ¢ and x = W;¢ xi then ¢ = d(Wies xi/[x, m]).

39/46
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Given [@1), m] w-distributive in ¢, we want to be able to derive all entailments of ¢
that follow from @1 =) w L and the fact that v, A and @ distribute over w—for
instance, since @ vx=(LwY)vx=(Lvx)W(dVvXx) if LvxrFnandVvxrn
we want @1 v x 1.

BSML® BSMLY
@-elimination w-elimination
[o(L/[ey,m])]  [¢(v/[oy, m])] [¢]  [¥]
D D]_ D2 D Dl D2
¢ X . X oE(+) Pw Xx X E
(%) [@y, m] is w-distributive in ¢.
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Expressive power
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Axiomatizations

References
000000000 000000000000 0e0000
BSML® BSMLY
O @-elimination & W v-conversion
[¢(L/[@¢, m])] [¢(v/[@¢, m])]
y " o <>(¢>D ¥)
¢ X1 X2 YY) conv
_ Y
SV o CoE() AR
O@-elimination 0O W V-conversion
[o(L/[@y, m])] [o(v/[@y, m])]
D D D D
d¢ X1 X2 D(¢ W 'l/})
Ox1 vV Ox2 Do E(x) = Conv O wv
(*) [@v, m] is w-distributive in ¢.
D1, D> do not contain undischarged assumptions.

(Here [@, m] must to be w-distributive in ¢, not in &g/ O ¢.)
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Completeness

Lemma:
¢ e BSML? = Vk>md(¢):3P: ¢ \/ 005 o ¢--( \/ obf)anE
(M,s)eP (M,s)eP
v —  \ el \/ obf
(M,s)eP (N,£)eQ

= Y(M,s)eP:3RcQ: se R

(95!— \V ®Hf
(N,t)eR k k
o0, = 0
i\ obf (/v,\t<eQ ' R\!QUR
(N,t)e@Q
ofk - \/ bk
(N,t)e@Q

— \/ o \/ ot — o

(M,s)eP (N,t)eQ 42/46
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System for BSML

Omit w-rules and add:

References

E LWNE
BSML BSMLY
LNE-translation w-elimination
[o( A L/[,mD)]  [6(¥ ANE/[¢), m])] [o]  [¥]
D D Dy D D Dy
¢ X % X LINE Trs(*) A XX X wE
(%) [%, m] is w-distributive in ¢.
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BSML BSMLY

& LNE-translation

[ AL/l mD]  [¢(¢ ANE/[Y), m])]

D Dy D>
<O X1 X2
T,
Ox1 Vv Oxe OANETrs(x)

OLNE-translation

[¢(¢ A L[, m])] [¢(¢ ANE/[), m])]

D D1 D2
0¢ X1 X2
TV Ox OLNE Trs(x)

(*) [, m] is w-distributive in ¢.

D1, D> do not contain undischarged assumptions.

References

W Conv A

———— — ConvOwv
d¢ v Oy

& W v-conversion

D
S CAAD)

O W V-conversion

D
a(¢ w 1)
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Completeness
Idea: we simulate the BSMLY-disjunctive normal forms using “realizations”.
BSMLY :

¢o=pV(O((gANE)V (r ANE)) ANE) -

V ggrd(¢)
(M,s)elloll

N 45746
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Completeness
Idea: we simulate the BSMLY -disjunctive normal forms using “realizations” .

BSMLY ¢=pv(O((gANE)V (rANE)) ANE) -\ 67
(M,s)ellgll
BSML: Each ¢ is provably equivalent to some 1) of the form

[a1,m1] O1 [a2,m2] Oz ... Op-1 [3n, My] where a; € MLU {NE} and O; € {A,Vv}—i.e. 9 can
constructed using w-distributive occurrences of classical formulas and NE:

¢d=pVv(OC((gANE)V (r ANE)) ANE) 4+ pV (0 ANE) = 1)
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Completeness
Idea: we simulate the BSMLY -disjunctive normal forms using “realizations” .

BSMLY ¢=pv(O((gANE)V (rANE)) ANE) -\ 67
(M.5)ellél

BSML: Each ¢ is provably equivalent to some 1) of the form
[a1,m1] O1 [a2,m2] Oz ... Op-1 [3n, My] where a; € MLU {NE} and O; € {A,Vv}—i.e. 9 can
constructed using w-distributive occurrences of classical formulas and NE:

¢d=pVv(OC((gANE)V (r ANE)) ANE) 4+ pV (0 ANE) = 1)

md(a,

Replace each [a;, m;] by some 6, such that s,, = a;. The result is a realization f of

¥ =pV (aANE) W =62 v (6L, n62.)

SNE
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Completeness
Idea: we simulate the BSMLY -disjunctive normal forms using “realizations” .

BSMLY ¢=pv(O((gANE)V (rANE)) ANE) -\ 67
(M,s)el|o]]
BSML: Each ¢ is provably equivalent to some 1) of the form
[a1,m1] O1 [a2,m2] Oz ... Op-1 [3n, My] where a; € MLU {NE} and O; € {A,Vv}—i.e. 9 can
constructed using w-distributive occurrences of classical formulas and NE:

¢d=pVv(OC((gANE)V (r ANE)) ANE) 4+ pV (0 ANE) = 1)

Replace each [a;, m;] by some de(a’ such that s, = a;. The result is a realization 9’ of 1:
¥ =pV (aANE) W =62 v (6L, n62.)
(i) Given a; =W/ (m, S)GHQIHH , and w-distributivity:

Y =WV Fy =W{y" | is a realization for v}
Vol e Fypf -9
if Yoof € Fy:T 9" = x, then T -
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Completeness
Idea: we simulate the BSMLY -disjunctive normal forms using “realizations” .

BSMLY ¢=pv(O((gANE)V (rANE)) ANE) -\ 67
(M,s)el|o]]
BSML: Each ¢ is provably equivalent to some 1) of the form
[a1,m1] O1 [a2,m2] Oz ... Op-1 [3n, My] where a; € MLU {NE} and O; € {A,Vv}—i.e. 9 can
constructed using w-distributive occurrences of classical formulas and NE:

¢d=pVv(OC((gANE)V (r ANE)) ANE) 4+ pV (0 ANE) = 1)

Replace each [a;, m;] by some de(a’ such that s, = a;. The result is a realization 9’ of 1:
¥ =pV (aANE) W =62 v (6L, n62.)
(i) Given a; =W/ (m, S)GHQIHH , and w-distributivity:

b=V Fy=W{ | ¢ is a realization for ¥} (i) For each ¢ there is some 0;"‘1(1/’)
vwf € F1/1 :wf - ’l/) such that wf —A Q?d(w)
if Voof e Fy i T, -y, then T b - x
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