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Overview
Burgess [Bur03] showed that the dual/game-theoretical negation of independence-friendly logic (IF) [HS89; Hing6]
and dependence logic (D) [v&07] exhibits an extreme degree of semantic indeterminacy. We show analogues of
this result for different logics.
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and dependence logic (D) [vz07] exhibits an extreme degree of semantic indeterminacy. We show analogues of

this result for different logics.

1. Burgess' theorem for IF sentences



Overwew Dual negatlon in IF Burgess’ Theorem for IF Burgess Theorem for BSML Incompatibilities Burgess Theorem for PL(=(-)) Interpretation References
000

0000 0000000000000 0 0000 00000

Overview

Burgess [Bur03] showed that the dual/game-theoretical negation of independence-friendly logic (IF) [HS89; Hin96]
and dependence logic (D) [vz07] exhibits an extreme degree of semantic indeterminacy. We show analogues of

this result for different logics.

1. Burgess' theorem for IF sentences
IF and its dual negation motivated by game-theoretical semantics



Overwew Dual negatlon in IF Burgess’ Theorem for IF Burgess Theorem for BSML Incompatibilities Burgess Theorem for PL(=(-)) Interpretation References
000

0000 0000000000000 0 0000 00000

Overview

Burgess [Bur03] showed that the dual/game-theoretical negation of independence-friendly logic (IF) [HS89; Hin96]
and dependence logic (D) [vz07] exhibits an extreme degree of semantic indeterminacy. We show analogues of

this result for different logics.

1. Burgess' theorem for IF sentences
IF and its dual negation motivated by game-theoretical semantics

Burgess’' theorem



Overwew Dual negation in IF Burgess’ Theorem for IF Burgess Theorem for BSML Incompatibilities Burgess Theorem for PL(=(-)) Interpretation References
000

00000 0000 0000000000000 0 0000 00000

Overview

Burgess [Bur03] showed that the dual/game-theoretical negation of independence-friendly logic (IF) [HS89; Hin96]
and dependence logic (D) [vz07] exhibits an extreme degree of semantic indeterminacy. We show analogues of

this result for different logics.

1. Burgess' theorem for IF sentences
IF and its dual negation motivated by game-theoretical semantics
Burgess’' theorem
Bicompleteness: Burgess' theorem as an expressive completeness theorem
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negations of these logics?
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Bilateral state-based modal logic (BSML) [Al022] and its bilateral negation motivated by linguistic data
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What do these theorems say about the notions of incompatibility/ contradictoriness expressed by the
negations of these logics?

3. Some remarks on interpretations of the theorem






Logics for Non-Elementary Variable Dependencies
Henkin quantifier logic (H) [Hen61] extends FO with Henkin quantifiers:
Vx 3
(Vu 3{) $(x,y,u,v).
The value of y depends only x. The value of v depends only on u.

1)
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Logics for Non-Elementary Variable Dependencies

Henkin quantifier logic (H) [Hen61] extends FO with Henkin quantifiers:

Vx 3y
(Vu HV)¢(X7y7u1V)’

The value of y depends only x. The value of v depends only on u.

Independence-friendly logic (IF) extends FO with slashed quantifiers (3y/{x}) (Vy/{x}):

Vx3yVu@v/{x})¢(x,y, u,v)

(3v/{x}): The value of v must be chosen independently of the value of x.

1)
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Logics for Non-Elementary Variable Dependencies

Henkin quantifier logic (H) [Hen61] extends FO with Henkin quantifiers:

(Vr 2)etermm. W

The value of y depends only x. The value of v depends only on u.
Independence-friendly logic (IF) extends FO with slashed quantifiers (3y/{x}) (Vy/{x}):

Vx3IyVu(Iv/{x})o(x,y,u,v) (2)

(3v/{x}): The value of v must be chosen independently of the value of x.
Dependence logic (D) extends FO with dependence atoms =(x, y):

Vx3yVu3dv(e(x,y,u,v)A =(u,v)) 3)

=(u,v): The value of v is determined by the value of u.
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Dependence logic (D) extends FO with dependence atoms =(x, y):

VXYV udv( 606, v, u, VA =(u,v)) 3)
=(u,v): The value of v is determined by the value of u.

(1)-(3) are equivalent to the existential second-order (ESO) sentence 3f3gVxVup(x, f(x), u, g(u)).
(Cf. the FO-sentence Vx3yVuldve(x,y, u,v)).
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Logics for Non-Elementary Variable Dependencies

Henkin quantifier logic (H) [Hen61] extends FO with Henkin quantifiers:

(Vr 2)etermm. W

The value of y depends only x. The value of v depends only on u.
Independence-friendly logic (IF) extends FO with slashed quantifiers (3y/{x}) (Vy/{x}):

Vx3IyVu(Iv/{x})o(x,y,u,v) (2)

(3v/{x}): The value of v must be chosen independently of the value of x.
Dependence logic (D) extends FO with dependence atoms =(x, y):

Vx3yVu3dv(e(x,y,u,v)A =(u,v)) 3)

=(u,v): The value of v is determined by the value of u.

(1)-(3) are equivalent to the existential second-order (ESO) sentence 3f3gVxVup(x, f(x), u, g(u)).
(Cf. the FO-sentence Vx3yVuldve(x,y, u,v)).

On the level of sentences, each of IF, D, and the prenex fragment of H (Hp) is equivalent to ESO
[End70; Wal70; Hin96; Vi07] == these logics are not closed under classical negation.
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Game-Theoretical Semantics for FO and IF

The motivation for adopting the dual negation in IF comes from its original semantics, which were
game-theoretical.

Informal game-theoretical semantics for FO

Two players: I and /I. In the game G(M,s,¢,i) (i € {I,1l}), i tries to verify the formula ¢ given model M and
assignment s; the other player tries to falsify it. Rules:

¢ is atomic: The verifier wins G(M, s, ¢, i) if M =s ¢. The falsifier wins if M #s ¢

¢ is ¥ v x: The verifier picks 6 := 1 or 8 := x. Now play the game G(M,s,6,i).

¢ is ¥ A x: The falsifier picks 6 := ) or 6 := x. Now play the game G(M, s, 6,i).

¢ is Ixtp: The verifier picks a € M. Now play the game G(M,s(a/x),,1).

¢ is Vxtp: The falsifier picks a € M. Now play the game G(M,s(a/x),,i).

¢ is =¢: The players swap their falsifier/verifier roles: play the game G(M,s, ¢, j) where je {I,II}, j +i.
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The game is one of perfect information: each player has knowledge of each prior choice made in the game.
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Game-Theoretical Semantics for FO and IF

The motivation for adopting the dual negation in IF comes from its original semantics, which were
game-theoretical.

Informal game-theoretical semantics for FO

Two players: I and /I. In the game G(M,s,¢,i) (i € {I,1l}), i tries to verify the formula ¢ given model M and
assignment s; the other player tries to falsify it. Rules:
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¢ is Vxtp: The falsifier picks a € M. Now play the game G(M,s(a/x),,i).

¢ is =¢: The players swap their falsifier/verifier roles: play the game G(M,s, ¢, j) where je {I,II}, j +i.
The game is one of perfect information: each player has knowledge of each prior choice made in the game.

We define M =5 ¢ : <= | has a winning strategy in the game G(M,s, ¢, i). By the Gale-Stewart Theorem, one
of the players always has a winning strategy, so M ks ¢ <— M =5 —¢.
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Game-Theoretical Semantics for FO and IF

The motivation for adopting the dual negation in IF comes from its original semantics, which were
game-theoretical.

Informal game-theoretical semantics for FO

Two players: I and /I. In the game G(M,s, ¢, i) (i € {I,1l}), i tries to verify the formula ¢ given model M and
assignment s; the other player tries to falsify it. Rules:

¢ is atomic: The verifier wins G(M, s, ¢, i) if M =s ¢. The falsifier wins if M #s ¢

¢ is ¥ v x: The verifier picks 6 := 1 or 8 := x. Now play the game G(M,s,6,i).
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¢ is =¢: The players swap their falsifier/verifier roles: play the game G(M,s, ¢, j) where je {I,II}, j +i.
The game is one of perfect information: each player has knowledge of each prior choice made in the game.

We define M =5 ¢ : <= | has a winning strategy in the game G(M,s, ¢, i). By the Gale-Stewart Theorem, one
of the players always has a winning strategy, so M ks ¢ <— M =5 —¢.

This is equivalent to the standard Tarskian satisfaction definition. In particular, the game-theoretical negation of
FO is just the classical negation of FO.




¢ is (Ix/W)1p: The verifier picks a € M without knowing the values picked for variables in the set W
(without knowing s(y) for y € W). Now play the game G(M,s(a/x),,i).

A
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Informal game-theoretical semantics for IF

¢ is (Ix/W)1p: The verifier picks a € M without knowing the values picked for variables in the set W
(without knowing s(y) for y € W). Now play the game G(M,s(a/x),v,i).

The game is one of imperfect information. The Gale-Stewart Theorem does not apply: there are games in which
neither player has a winning strategy.

Therefore it is not the case that M #s ¢ <= M s —¢.
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Informal game-theoretical semantics for IF

¢ is (Ix/W)1p: The verifier picks a € M without knowing the values picked for variables in the set W
(without knowing s(y) for y € W). Now play the game G(M,s(a/x),v,i).

The game is one of imperfect information. The Gale-Stewart Theorem does not apply: there are games in which
neither player has a winning strategy.

Therefore it is not the case that M s ¢ <— M =5 —¢.

Matching pennies game in IF [MSS11]

Each player has a coin that they secretly turn to heads or tails. The coins are revealed simultaneously. / wins if
the coins are both heads or both tails. Otherwise I/ wins.

We can model this using the game G(M, @, ¢, 1) where ¢ is the IF-sentence

Vx(@y/{x})x =y

and M is a model with domain {h,t}. Neither player has a winning strategy, so M # ¢ and M & —¢:

Il does not have a winning strategy: all they can do is choose the value of x. If they choose h, they cannot
guarantee that / will not choose h.

| does not have a winning strategy: /I first chooses the value of x. | does not know which value was picked, so
they cannot ensure that they pick the same value for y.
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The Dual Negation

Another way to formulate the semantics of the negation in IF: define the semantics for negation-free formulas
and for —¢ where ¢ is atomic as usual. Then let:

“(pvip)=-pn-t
~($ D) =~V
—3x¢p = Vx=¢
-Vx¢ = Ix-¢
~(Ex/ W) = (Yx/W)=g
(VX W) = (3x/ W)

Hence the name ‘dual negation’.



We saw that it need not be the case that M ¢ <— M E —¢.
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We saw that it need not be the case that M ¢ <— M E —¢.
Furthermore, preservation of equivalence under replacement fails: e.g.,
-Vx(Ay/{x})x=y=1 but

-—Vx(Ay/{x})x=y =Vx(Fy/{x})x=y £ T=-L1.
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We saw that it need not be the case that M i ¢ — M = —=¢.
Furthermore, preservation of equivalence under replacement fails: e.g.,
-Vx(Ay/{x})x=y=1 but
does not determine the meaning of —¢:

-=Yx(Jy/{x})x =y =Vx(Ty/{x})x=y £T=-1.

Put another way, let ||¢| := {M | M = ¢}. We may think of || as the meaning of ¢. Then the meaning of ¢
I=vx@y/{xPx =yl =]Ll=2  but

I==Yx@y/{x})x =yl # |-L]-
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We saw that it need not be the case that M i ¢ <— Mk —-¢.
Furthermore, preservation of equivalence under replacement fails: e.g.,

-Vx(Fy/{x})x=y=1 but —-=Yx(Jy/{x})x=y=Vx(Ty/{x})x=y £T=-1.

Put another way, let ||¢| := {M | M = ¢}. We may think of || as the meaning of ¢. Then the meaning of ¢
does not determine the meaning of —¢:

I=vx@y/{xHx =yl = 1] =2 but I==Yx@y/{x})x =yl # |-L]-

We do know that ¢ and —¢ are incompatible in that it is never the case that M = ¢ and M E -¢ (i.e.,

Iol 0 -9l = 2).
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We saw that it need not be the case that M i ¢ <— Mk —-¢.
Furthermore, preservation of equivalence under replacement fails: e.g.,

-Vx(Fy/{x})x=y=1 but —-=Yx(Jy/{x})x=y=Vx(Ty/{x})x=y £T=-1.

Put another way, let ||¢| := {M | M = ¢}. We may think of || as the meaning of ¢. Then the meaning of ¢
does not determine the meaning of —¢:

I=vx@y/{xHx =yl = 1] =2 but I==Yx@y/{x})x =yl # |-L]-

We do know that ¢ and —¢ are incompatible in that it is never the case that M = ¢ and M E -¢ (i.e.,

Iol 0 -9l = 2).

Intuitively, Burgess’ Theorem says that this failure of determinacy is extreme in the sense that this
incompatibility is the only constraint that ||¢| places on |-¢]|.



Burgess' Theorem
In clossical logic, M= =0 == M. s0 given [9]. to find |01, simply take the complement of 41,

[l

DHa



Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.

In a setting in which M = —=¢ <= M ¥ ¢, we can ask how |¢| and |-¢| ought to relate to one another.

I#l

I-¢l

A
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Burgess' Theorem

In classical logic, M = —=¢ <= M ¥ ¢, so given ||¢|, to find |-¢|, simply take the complement of |¢].
In a setting in which M = =¢ <= M i ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

I#l I-¢l
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

1] = 42 =l =]l
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

Burgess: for any IF-sentences ¢ and v, if |¢| and [¢| are disjoint, there is an IF-sentence 6 with |0 = |¢| and
1=61 = N1

I#l (KN
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

Burgess: for any IF-sentences ¢ and v, if |¢| and [¢| are disjoint, there is an IF-sentence 6 with |0 = |¢| and
1=61 = N1

I#l
164
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

Burgess: for any IF-sentences ¢ and v, if |¢| and [¢| are disjoint, there is an IF-sentence 6 with |0 = |¢| and
161 = 1.
e N
Il 42|l (K21
61
162 [0z (|01 |
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

Burgess: for any IF-sentences ¢ and v, if |¢| and [¢| are disjoint, there is an IF-sentence 6 with |0 = |¢| and
1=61 = N1

[ (2 ’ [l |
[161]
[[62]] =62 =61
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

Burgess: for any IF-sentences ¢ and v, if |¢| and [¢| are disjoint, there is an IF-sentence 6 with |0 = |¢| and

=01 = []-
g
[ (2 [l |
[161]
[[62]] =62 =61
_

So if we only know |||, |-¢| can be any class of models P, as long as that class is IF-definable (P = |3 for
some 1) and disjoint with |¢].
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Burgess' Theorem

In classical logic, M = ~¢ <= M i ¢, so given |¢|, to find |-¢|, simply take the complement of |¢|.
In a setting in which M = =¢ <= M t ¢, we can ask how ||¢| and |-¢| ought to relate to one another.

Burgess: for any IF-sentences ¢ and v, if |¢| and [¢| are disjoint, there is an IF-sentence 6 with |0 = |¢| and
1=61 = N1
-
Il 2] [
61
162 02 [[=01 |
L

So if we only know |||, |-¢| can be any class of models P, as long as that class is IF-definable (P = |3 for
some 1) and disjoint with |¢].

E.g., we can have a sentence ¢ with ¢ = "Jouko is in Helsinki” and -¢ = " Jouko is in London drinking tea, and
it is Tuesday.”



We assume |dom(M)| > 2 for all models M.
Lemma: There is 6g s.t. g = L = —6. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)

A



We assume |dom(M)| > 2 for all models M.

Lemma: There is 6g s.t. g = L = —6. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If ||¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from
ESO-equivalence and Craig’s interpolation for FO.)

A
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We assume |dom(M)| > 2 for all models M.
Lemma: There is 0y s.t. 8g = L = -0p. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If ||¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from
ESO-equivalence and Craig's interpolation for FO.)
Burgess' Theorem for IF [Bur03] (originally for Hp)
For any IF-sentences ¢,, 1 implies 2:

1. |¢| and [¢| are disjoint (i.e., M = ¢ iff M F£ 1); i.e., ¢, E L).

2. There is an IF-sentence 6 such that ¢ =6 and ¢ = -0 (i.e., |¢[ = [0 and || = |-0]).
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We assume |dom(M)| > 2 for all models M.
Lemma: There is 0y s.t. 8g = L = -0p. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If ||¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from
ESO-equivalence and Craig's interpolation for FO.)
Burgess' Theorem for IF [Bur03] (originally for Hp)
For any IF-sentences ¢, 1, 1 implies 2:
1. |¢| and [¢| are disjoint (i.e., M = ¢ iff M F£ 1); i.e., ¢, E L).
2. There is an IF-sentence 0 such that ¢ =0 and ¢ = -0 (i.e., |¢| = |0] and || = ||-0]).-

Proof.
1 = 2: Let ¢ := ¢ Vv Oy and g := ¥ v Oy with 6y from Lemma.
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We assume |dom(M)| > 2 for all models M.
Lemma: There is 0y s.t. 8g = L = -0p. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If ||¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from
ESO-equivalence and Craig's interpolation for FO.)
Burgess’ Theorem for IF [Bur03] (originally for Hp)

For any IF-sentences ¢, 1, 1 implies 2:

1. |¢| and [¢| are disjoint (i.e., M = ¢ iff M F£ 1); i.e., ¢, E L).
2. There is an IF-sentence 0 such that ¢ =6 and ) = -0 (i.e., |¢| = [0] and || = |-6]).

Proof.
1 = 2: Let ¢ := ¢V 0y and g := 1) v Oy with 6y from Lemma. Then:
o = $ v 6o = $v1 = ¢
) = =(¢ v o) = = A =bo = AL =

Similarly ¥9 = and -t = 1.
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We assume |dom(M)| > 2 for all models M.

Lemma: There is 0y s.t. 8g = L = -0p. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If |¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from
ESO-equivalence and Craig's interpolation for FO.)

Burgess’ Theorem for IF [Bur03] (originally for Hp)

For any IF-sentences ¢, 1, 1 implies 2:

1. |¢| and [¢| are disjoint (i.e., M = ¢ iff M F£ 1); i.e., ¢, E L).
2. There is an IF-sentence 0 such that ¢ =6 and ) = -0 (i.e., |¢| = [0] and || = |-6]).

)
Proof.
1 = 2: Let ¢ := ¢V 0y and g := 1) v Oy with 6y from Lemma. Then:

%o = Vb = oVvL = ¢

-0 = —(¢ Vv bo) = —¢ A =6 = —pAL = 1

Similarly ¢9 =1 and -t = 1. By Separation let n be s.t. ¢o =7 and g = —n.
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We assume |dom(M)| > 2 for all models M.
Lemma: There is 0y s.t. 8g = L = -0p. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If ||¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from
ESO-equivalence and Craig's interpolation for FO.)
Burgess’ Theorem for IF [Bur03] (originally for Hp)
For any IF-sentences ¢, 1, 1 implies 2:

1. |¢| and [¢| are disjoint (i.e., M = ¢ iff M F£ 1); i.e., ¢, E L).

2. There is an IF-sentence 0 such that ¢ =6 and ) = -0 (i.e., |¢| = [0] and || = |-6]).

)
Proof.
1 = 2: Let ¢ := ¢V 0y and g := 1) v Oy with 6y from Lemma. Then:

%o = Vb = oVvL = ¢

-0 = —(¢ Vv bo) = —¢ A =6 = —pAL = 1

Similarly ¢9 =1 and -t = 1. By Separation let n be s.t. ¢o =7 and g = —n.
Let 0 := ¢g A (—2bo V 7).
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We assume |dom(M)| > 2 for all models M.
Lemma: There is 0y s.t. 8g = L = -0p. (E.g. the matching pennies sentence Vx(3y/{x})x =y.)
Separation Theorem: If |¢| and |¢| are disjoint, there is an 7 s.t. ¢ =7 and ¢ = -n. (Follows from

ESO-equivalence and Craig's interpolation for FO.)
Burgess’ Theorem for IF [Bur03] (originally for Hp)

For any IF-sentences ¢, 1, 1 implies 2:
1. |¢| and [¢| are disjoint (i.e., M = ¢ iff M F£ 1); i.e., ¢, E L).
2. There is an IF-sentence 0 such that ¢ =6 and ) = -0 (i.e., |¢| = [0] and || = |-6]).

Proof.
1 = 2: Let ¢ := ¢V 0y and g := 1) v Oy with 6y from Lemma. Then:
%0 = $va = 4vi = 4
~¢o = —(¢ v bo) = =¢ A =bo = ¢ AL = 1

Similarly ¢9 =1 and -t = 1. By Separation let n be s.t. ¢o =7 and g = —n.
Let 0 := ¢g A (=2bo vV 17). Then:
0 =0 (~ovn) =¢oA(LVn) =¢oAn = ¢o =¢
=0 =-(goA(-%oVvn) =-doV-(-PoVvn) =LV(-thoA-n) =YoA-n =t =y 0

= = = = =
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.
classes/properties of pairs (of classes of models).
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.

classes/properties of pairs (of classes of models).

Let |#|™ (or simply |¢|*) denote the pair (|9, |-¢|)-
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.
classes/properties of pairs (of classes of models).

Let |#|™ (or simply |¢|*) denote the pair (|9, |-¢|)-

A pair property (for sentences) P is a class of pairs of classes of models (P, Q).
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.
classes/properties of pairs (of classes of models).

Let |#|™ (or simply |¢|*) denote the pair (|9, |-¢|)-
A pair property (for sentences) P is a class of pairs of classes of models (P, Q).

For a logic L, let |L| denote the class of classes of models defined by sentences of ¢: |L| :={|| | ¢ € L}.
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.
classes/properties of pairs (of classes of models).

Let |#|™ (or simply |¢|*) denote the pair (|9, |-¢|)-
A pair property (for sentences) P is a class of pairs of classes of models (P, Q).
For a logic L, let |L| denote the class of classes of models defined by sentences of ¢: |L| :={|| | ¢ € L}.

Let |[L|*~ denote the pair property defined by sentences of L: |L|*™ := =7 pel}
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.
classes/properties of pairs (of classes of models).

Let [¢]* 7 (or simply [¢[*) denote the pair (|¢], |-¢]).

A pair property (for sentences) P is a class of pairs of classes of models (P, Q).

For a logic L, let |L| denote the class of classes of models defined by sentences of ¢: |L| :={|| | ¢ € L}.
T pel}

A logic L is bicomplete for a pair property P (with respect to -) if |L|*~ = P.

L is bicomplete modulo expressive power (or bicomplete) for P (w.r.t. =) if it is bicomplete for P,= P 0 ||L|?
(w.r.t. =).

Let |[L|*~ denote the pair property defined by sentences of L: |L|*™ :=
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Bicompleteness

Given that for each IF-sentence ¢, it cannot be the case that M = ¢ and M = —¢, the converse of Burgess’
Theorem also holds. This means that we can think of the theorem as an expressive completeness theorem w.r.t.
classes/properties of pairs (of classes of models).

Let [¢]* 7 (or simply [¢[*) denote the pair (|¢], |-¢]).

A pair property (for sentences) P is a class of pairs of classes of models (P, Q).

For a logic L, let |L| denote the class of classes of models defined by sentences of ¢: |L| :={|¢| | € L}.
T pel}

A logic L is bicomplete for a pair property P (with respect to -) if |L|*~ = P.

L is bicomplete modulo expressive power (or bicomplete) for P (w.r.t. =) if it is bicomplete for P,= P 0 ||L|?
(w.r.t. =).

Let |[L|*~ denote the pair property defined by sentences of L: |L|*™ :=

Bicompleteness Theorem for IF

IF is bicomplete for {(P, Q) | P, Q € | . PN Q =@}, and hence bicomplete for disjoint pairs. J

Proof.

I1F|*™ <{(P, Q

)| P,Q¢€|ESO|,PnQ=g} by |IF| < |ESO| and the converse of Burgess' theorem.
I1FI=™ 2{(P, Q) | P

,Qe||ESO|,PnQ =@} by |IF|| 2 ||[ESO| and Burgess’ theorem. O




Burgess/Bicompleteness Theorem for Formulas
Kontinen and Vaininen [kvi1] (working in dependence logic (D) and IF) generalized Burgess' Theorem to all
formulas (not just sentences).

A
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Burgess/Bicompleteness Theorem for Formulas

Kontinen and Vaininen [kvi1] (working in dependence logic (D) and IF) generalized Burgess' Theorem to all
formulas (not just sentences).

Now using team semantics, let us say formulas ¢ and ¢ are L-incompatible if [M Ex ¢ and M Ex ] implies
X=0a (ie, ¢, = 1).
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Burgess/Bicompleteness Theorem for Formulas
Kontinen and Vaininen [kvi1] (working in dependence logic (D) and IF) generalized Burgess' Theorem to all
formulas (not just sentences).

Now using team semantics, let us say formulas ¢ and ¢ are L-incompatible if [M Ex ¢ and M Ex ] implies
X=0a (ie, ¢, = 1).

, pair properties, etc. appropriate for formulas. E.g.

Assume we have defined notions

Il = {(M,X) | M =x ¢}.

Say that a pair (P, Q) of team properties (class of model-team pairs) is L-incompatible if
M, X)ePNnQ = X=2.
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Burgess/Bicompleteness Theorem for Formulas
Kontinen and Vaininen [kvi1] (working in dependence logic (D) and IF) generalized Burgess' Theorem to all
formulas (not just sentences).

Now using team semantics, let us say formulas ¢ and ¢ are L-incompatible if [M Ex ¢ and M Ex ] implies
X=0a (ie, ¢, = 1).

Assume we have defined notions

Il = {(M,X) | M =x ¢}.

, pair properties, etc. appropriate for formulas. E.g.

Say that a pair (P, Q) of team properties (class of model-team pairs) is L-incompatible if
M, X)ePNnQ = X=2.

We have, by [Kv11] and Kontinen and Vaananen's expressivity result for D-formulas [Kvo9):

Burgess & Bicompleteness Theorem for D-formulas

D™= {(P, Q) | P, Q expressible in a specific way by a downward-closed ESO-sentence with the empty team
property; and P and Q are L-incompatible}.

D is bicomplete for L-incompatible pairs.
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Burgess/Bicompleteness Theorems for Propositional and Modal Team Logics

In propositional/modal team semantics, formulas are evaluated w.r.t. propositional/modal teams: sets of
valuations/possible worlds:

single-world semantics team semantics
M,wE ¢ M;s k= ¢
Wp Wpq Wp Wpq
Wq w Wq w

wp = p {wo, wpq} = p

References
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Burgess/Bicompleteness Theorems for Propositional and Modal Team Logics

In propositional/modal team semantics, formulas are evaluated w.r.t. propositional/modal teams: sets of
valuations/possible worlds:

single-world semantics team semantics
M,wE ¢ M;s k= ¢
Wp Wpq Wp Wpq
Wq w Wq w
Wp = p {Wp, wpq} = p

In the propositional setting, for X is a finite set of propositional variables, P a team property (class of teams),
and P a pair property (class of pairs of team properties), we let |¢| := {t | t = ¢}; ={tc2X|tE ¢},

IL] = {lol [ ¢ €Ly Px={QecpX) [ QeP}i |oI= = (o], -eD);i 6%~ = (lx , =8l x);
ILI=7 = (el [ ¢ € L} Px = {(P,Q) € P| P,Q £ p(2%)}.
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Burgess/Bicompleteness Theorems for Propositional and Modal Team Logics

In propositional/modal team semantics, formulas are evaluated w.r.t. propositional/modal teams: sets of
valuations/possible worlds:

single-world semantics team semantics
M,wE ¢ M;s k= ¢
Wp Wpq Wp Wpq
Wq w Wq w
Wp = p {Wp, wpq} = p

In the propositional setting, for X is a finite set of propositional variables, P a team property (class of teams),
and P a pair property (class of pairs of team properties), we let |¢| := {t | t = ¢}; ={tc2X|tE ¢},
ILl = {lel [ ¢ € L}; Px:={Qcp(2*) | Qe P} |¢|* = (Il I-¢); ¢l = (Ilx » I=¢lx);

ILI=7 = {lgl* ™ [¢ e L} Px = {(P,Q) e P| P,Q c p(2%)}.

L is expressively complete for P if ||L||, = Px for all finite X.

L is bicomplete for P (w.r.t. =) if |L[3~ = Px for all finite X.

L is bicomplete for P (w.r.t. —) if it is bicomplete for P ||L[? (w.r.t. -).
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Bilateral State-Based Modal Logic

Aloni (2022) introduces a modal logic employing team semantics, Bilateral State-based Modal Logic to account
for free choice inferences and related phenomena.

Free choice: You may have coffee or tea.

~r You may have coffee and you may have tea.
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Bilateral State-Based Modal Logic

Aloni (2022) introduces a modal logic employing team semantics, Bilateral State-based Modal Logic to account
for free choice inferences and related phenomena.

Free choice: You may have coffee or tea.

~r You may have coffee and you may have tea.

Teams represent speakers’ information states.
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Bilateral State-Based Modal Logic

Aloni (2022) introduces a modal logic employing team semantics, Bilateral State-based Modal Logic to account
for free choice inferences and related phenomena.
Free choice: You may have coffee or tea.

~r You may have coffee and you may have tea.

Teams represent speakers’ information states. BSML has a bilateral semantics with two primitive semantic
relations, support = and anti-support =. As with many other bilateral systems, the bilateralism in BSML is
linked with the view that both assertion and rejection conditions must figure in meanings:

sE® represents "¢ is assertable in state s”

s=H¢ represents "¢ is rejectable in state s”
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Bilateral State-Based Modal Logic

Aloni (2022) introduces a modal logic employing team semantics, Bilateral State-based Modal Logic to account
for free choice inferences and related phenomena.

Free choice: You may have coffee or tea.
~r You may have coffee and you may have tea.
Teams represent speakers’ information states. BSML has a bilateral semantics with two primitive semantic

relations, support = and anti-support =. As with many other bilateral systems, the bilateralism in BSML is
linked with the view that both assertion and rejection conditions must figure in meanings:

sE® represents "¢ is assertable in state s”

s=H¢ represents "¢ is rejectable in state s”

The bilateral semantics are used to define a bilateral negation:

sE-¢ iff s=¢



Overwew Dual negation in IF Burgess' Theorem for IF Burgess Theorem for BSML Incompatibilities Burgess Theorem for PL(=(:)) Interpretation References
00000 0000 0®@000000000000 0000 00000 [e]e]e}

Bilateral State-Based Modal Logic

Aloni (2022) introduces a modal logic employing team semantics, Bilateral State-based Modal Logic to account
for free choice inferences and related phenomena.

Free choice: You may have coffee or tea.
~r You may have coffee and you may have tea.
Teams represent speakers’ information states. BSML has a bilateral semantics with two primitive semantic
relations, support = and anti-support =. As with many other bilateral systems, the bilateralism in BSML is

linked with the view that both assertion and rejection conditions must figure in meanings:

sE® represents "¢ is assertable in state s”

s=H¢ represents "¢ is rejectable in state s”
The bilateral semantics are used to define a bilateral negation:
SkE-¢ iff s=¢
The negation is designed to ensure one also gets predictions such as the following:

Dual prohibition: You are not allowed to eat the cake or the ice cream.

~» You are not allowed to eat either one.



Syntax and semantics:
pu=p|L|-d|loryp|dvy| O¢|NE

A



Syntax and semantics:

dpu=plLl-¢ldrlovi| O|NE

sEPp <= Vwes:weV(p)
s=p <~ Vwes:w¢ V(p)
sEL — s=g
s L always
SkE ¢ — s=H¢
s=-¢ = skE¢

sEopVYy <« It,t/:tut'=sandtE=dandt =
sH4¢vy <« s=Hpands=HyY

sEdAY << skEpandsEY
sHony < I, t':tut'=sandt=dpandt HY

S E=NE — S+QJ
s =5 NE — s=0

skEOP — Vwes:JtcR[w]:t+@and t=¢
5400 < Vwes:R[w]H¢ R[w] ={v|wRv}
[m] = =

n
it
S
ye)
Q



Split disjunction v

sEoVY —

It,t': tut'=s and
tE ¢ and
t' =1

sHovy — s=¢ and s=Y

®@ ©
® @©eeo
(@) skpvag

(b) skpvg



The non-emptiness atom NE
s E NE — s+
s 9 NE —

s=g

(a) s (pPANE) V(g ANE)

OX

(b) s # (P ANE) v (q ANE)

A



The modality <& | R[w]={veW]|wRv} |
sE O —

Vwes:ItcR[w]:t+@Fand t = ¢

skEOq
{wq} € R[wq]

since
{wg} Eq

and

{wpq} € R[wp]

{Wpq} E q

A



The modality O:= = & - | R[w]={veW]|wRv} |
sEO0¢p <—

Vwes: R[w]kE ¢

8 e

s k= 0Oq

{Wq} = R[Wq]

since
{wg} Eq

and

{qu} = R[Wp]

{Wpq} E q

A



Closure properties

¢ is downward closed:

¢ is union closed:

¢ has the empty team property :
¢ is flat:

¢ is convex:

[segdandtcs] = tE=¢
[sE¢forallseS+g] = | JSE¢
DEP

sE¢ < {viEdforallves
[sEdpu=Epanductcs] = tkE=¢
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Closure properties

Definition
¢ is downward closed: [sEdand tCs] = tkE=¢
¢ is union closed: [sEg¢forallseS+g] = | JSE&
¢ has the empty team property : FE=o
¢ is flat: sE¢ < {viEdforallves
¢ is convex: [sEduE¢panductcs] = tE¢

flat <= downward closed & union closed & empty team property
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Closure properties

Definition
¢ is downward closed: [sEgand tcs] — tE¢
¢ is union closed: [sEg¢forallseS+g] = | JSE&
¢ has the empty team property : FE=o
¢ is flat: sE¢p < {viEg¢forallves
¢ is convex: [sEduE¢panductcs] = tE¢

flat <= downward closed & union closed & empty team property

Formulas of classical modal logic ML (the NE-free fragment of BSML) are flat and their team
semantics coincide with their standard semantics on singletons:

forae ML: sEa < Vves:{vlEa < Vves:vEa
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Closure properties

Definition
¢ is downward closed: [sEgand tcs] — tE¢
¢ is union closed: [sEg¢forallseS+g] = | JSE&
¢ has the empty team property : FE=o
¢ is flat: sE¢p < {viEg¢forallves
¢ is convex: [sEduE¢panductcs] = tE¢

flat <= downward closed & union closed & empty team property

Formulas of classical modal logic ML (the NE-free fragment of BSML) are flat and their team
semantics coincide with their standard semantics on singletons:

forae ML: sEa < Vves:{vlEa < Vves:vEa
Therefore, BSML is an extension of classical modal logic (K):

forZ=u{a}cML: =F a (in team semantics) <= =k « (in standard semantics)
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Downward closure and the empty team property fail in BSML due to NE:

Wp Wpq Wp Wpq
Wq w Wq w
(a) sE (pANE) V(g ANE) (b) st (pANE) Vv (g ANE)

However, formulas of BSML are union closed and convex, and furthermore:

Expressive Completeness Theorem [AK25]

BSML is expressively complete for convex union-closed (and modally definable) modal team properties:

[|BSML]| y = {P | P union closed, convex, and invariant under bounded team bisimulation} x.

for all finite X.




The following dual equivalences hold for the negation (where O:= - & =):
=@
-NE=1
-OPp=0-¢

~(pvy)=-pn-p
~(pry) =-gv -
~0¢=0-9

A



The following dual equivalences hold for the negation (where O:= - & =):
=@
-NE=1
-OPp=0-¢
We define the following abbreviation:

(V) =-dpAr-¢
~(pAy)=-¢v -y
-O0¢ =3¢
Strong contradiction 1L := L ANE. s =1l is never the case.
(Strong) tautology T := L. s k= T is always the case.

A
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The following dual equivalences hold for the negation (where O := = & =)
—~¢=¢ ~($VY) = —d A~
-NE= L “(PpAY) =-dV -1
~O¢=0-¢ ~0¢=0-¢

We define the following abbreviation:
Strong contradiction 1L := 1L ANE. s =1 is never the case.
(Strong) tautology T := L. s k= T is always the case.

As with IF and D, replacement of equivalents does not hold under negation:

—NE= 1 but =—NE=NEZ#T = —1.

Interpretation
000

References
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w e s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML.

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w e s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U |¢|.}

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w e s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

Now assume for contradiction that Burgess Theorem using L-incompatibility holds for BSML.
Take ¢ :=p and ¥ := ((p ANE) V (-p ANE)).

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

Now assume for contradiction that Burgess Theorem using L-incompatibility holds for BSML.
Take ¢ :=p and ¥ := ((p ANE) V (-p ANE)).
Then ¢,% = 1L = 1, so by Burgess there is 0 with § = ¢ and -0 = .

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

Now assume for contradiction that Burgess Theorem using L-incompatibility holds for BSML.
Take ¢ :=p and ¥ := ((p ANE) V (-p ANE)).

Then ¢,% = 1L = 1, so by Burgess there is 0 with § = ¢ and -0 = .

Consider the teams {wp} and {wp, w_p}.

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

Now assume for contradiction that Burgess Theorem using L-incompatibility holds for BSML.
Take ¢ :=p and ¥ := ((p ANE) V (-p ANE)).

Then ¢,% = 1L = 1, so by Burgess there is 0 with § = ¢ and -0 = .

Consider the teams {wp} and {wp,w_p}. {wp} = ¢ so {wp} = 0.

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

Now assume for contradiction that Burgess Theorem using L-incompatibility holds for BSML.

Take ¢ :=p and ¥ := ((p ANE) V (-p ANE)).

Then ¢,% = 1L = 1, so by Burgess there is 0 with § = ¢ and -0 = .

Consider the teams {wp} and {wp,w_p}. {Wp} E @ so {wp} 0. {wp,w_p} =1 so {wp,w_p} = 0.

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.
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Adapting Burgess' Theorem for BSML

Kontinen and Vaananen's Burgess theorem for D employs the following notion of incompatibility (reformulated
for the propositional/modal setting):

¢ and 1) are L-incompatible : b, =1
— tE= ¢ and t =1 implies t =&

This does not work with BSML. Let the ground team |¢| of ¢ be U ||.} Define the following stronger
incompatibility notion:

¢ and 1 are ground-incompatible : |p| N =
— t= ¢ and s = implies tns=@
P and Q are ground-incompatible : U Pn U Q=0

Lemma: For ¢ € BSML, ¢ and —¢ are ground-incompatible.

Now assume for contradiction that Burgess Theorem using L-incompatibility holds for BSML.

Take ¢ :=p and ¥ := ((p ANE) V (-p ANE)).

Then ¢,% = 1L = 1, so by Burgess there is 0 with § = ¢ and -0 = .

Consider the teams {wp} and {wp,w_p}. {Wp} E @ so {wp} 0. {wp,w_p} =1 so {wp,w_p} = 0.
Therefore, by Lemma, {wp} n{wp, w_p} = {wp} = &, a contradiction.

1
Strictly speaking in the modal setting, |¢| = {(M,w) | 3(M,s) € ||¢| : w € s}.



We have already noted that |BSML| c {(P, Q) | P, Q ground-incompatible}—the converse of a
ground-incompatibility Burgess theorem for BSML.

A
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We have already noted that |BSML| c {(P, Q) | P, Q ground-incompatible}—the converse of a
ground-incompatibility Burgess theorem for BSML.

We now further show the Burgess and bicompleteness theorems:

Burgess/Bicompleteness Theorem for BSML

The following are equivalent:
1 gl [$]=2 (ie. [sk ¢ and t 9] —> snt=g)
2. There is a 6 such that ¢ =6 and ¢ = 6.

Therefore,

[ BSML||)i(’ﬁ ={(P,Q) | P, Q union closed, convex and invariant under bounded bisimulation;
P and Q ground-incompatible} x

for all finite X.
So BSML is bicomplete for ground-incompatible pairs.

References




Lemma 1: There is 0y s.t. 0g = L = —6p.
Let 0p := O(L v- 1), Then:
-O (Lv-1) = O-(Lv-1)

O (Lv-1)

O(-LAlL)

Ol

o



Lemma 1: There is 0y s.t. 0g = L = —6p.
Let 0p := O(L v- 1), Then:
-O (Lv-1) = O-(Lv-1)

O (Lv-1)

O(-LAlL)

Ol

o
(Follows from Craig's interpolation for ML.)

Separation Theorem: If |¢| N |¢| = @, then there is an i s.t. ¢ =En and ¢ = -n.
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Lemma 1: There is 6y s.t. g = L = —0p.
Let g := O(L v= 1L). Then:

O (Lv-1) = [y =

-O (Lv-1) = O-(1Lv-1) o(-LAL) = ou =

Separation Theorem: If |¢| N |¢| = @, then there is an i s.t. ¢ =En and ¢ = -n.
(Follows from Craig's interpolation for ML.)

Lemma 2: For any ¢, there is ¢’ such that ¢ = ¢’ and —¢’ has the empty team property.
(Define ¢’ by putting ¢ in negation normal form and replacing each =NE by 1.)



Lemma 1: There is 6y s.t. g = L = —0p.
Separation Theorem: If U||¢||nU||¢|| = @, then there is an n s.t. ¢ =7 and ¢ = -n.
Lemma 2: For any ¢, there is ¢’ such that ¢ = ¢’ and —¢’ has the empty team property.
The following are equivalent:
1. |g|n|p| =2 (i.e., [sEPand t Eyp] = snt=0)
2. There is a 6 such that ¢ =60 and ¢ = —0.




Overwew Dual negation in IF Burgess’ Theorem for IF Burgess Theorem for BSML Incompatibilities Burgess Theorem for PL(=(-)) Interpretatlon References

00000 0000 0000000000000e 0000 00000

Lemma 1: There is 0y s.t. g = L = —0p.
Separation Theorem: If U||¢||nU|[¢|| = @, then there is an n s.t. ¢ En and ¢ E .
Lemma 2: For any ¢, there is ¢’ such that ¢ = ¢’ and —¢’ has the empty team property.

Burgess/Bicompleteness Theorem for BSML

The following are equivalent:
1. |¢p|nlpl=a (e, [sEpand tEy] = snt=0)
2. There is a 6 such that ¢ =6 and ¢ = 6.

Proof.

1 = 2: Let ¢ := ¢’ v O and g := 1)’ v Oy with 6y from Lemma 1 and ¢’,7)’ from Lemma 2. Then:
o) = ¢' v o = ¢V 1L = ¢
-0 = (¢ v o) = -¢' A =6 = -¢' AL =

Similarly ¢g =1 and ¢y = 1.
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Lemma 1: There is 0y s.t. g = L = —0p.
Separation Theorem: If U||¢||nU|[¢|| = @, then there is an n s.t. ¢ En and ¢ E .
Lemma 2: For any ¢, there is ¢’ such that ¢ = ¢’ and —¢’ has the empty team property.

Burgess/Bicompleteness Theorem for BSML
The following are equivalent:

1. |¢p|nlpl=a (e, [sEpand tEy] = snt=0)
2. There is a 6 such that ¢ =6 and ¢ = 6.

Proof.

1 = 2: Let ¢ := ¢’ v O and g := 1)’ v Oy with 6y from Lemma 1 and ¢’,7)’ from Lemma 2. Then:
o) = ¢' v o = ¢V 1L = ¢
~¢o = =(¢" v o) = -9’ A =0 = ~¢' AL = 1

Similarly 19 = and -9 = 1. By Separation let n be s.t. ¢9 =7 and g = -n.
Let 6 := ¢g A (=0 vV 717). Then:

6  =d¢oA (o Vvn) oA (LVn) =¢oAn = ¢o =9
-0 ==(goA(~ovn)) =-¢oV-(-tovn) =1LV(--oA-n) =or-n =t =t O




¢, are ground-incompatible if [t = ¢ and s =] = snt=@. Equivalently, [¢|n[| =U|o| nU|v| =2.)

_________




¢, are ground-incompatible if [t £ ¢ and s 9] == snt=g. Equivalently, [¢|n|y|=U|¢|nU|v|=2.)

J

_________

®,% ground-incompatible = ¢,1) L-incompatible.




¢, are ground-incompatible if [t £ ¢ and s 9] == snt=g. Equivalently, [¢|n|y|=U|¢|nU|v|=2.)

= (U
! ——! ! !
| | | |
| | | |
————————— N | | |
| | |
: llgl] [ | Il [
J | | |
Pttt | | |
h 1 | 1
A 1 | 1
| — s Qe

®,% ground-incompatible = ¢,1) L-incompatible.
Proof: If t = ¢ and t = v, then by ground-incompatibility, t=tnt =g.
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¢, are ground-incompatible if [t = ¢ and s =] == snt=@. Equivalently,

dlnlpl=UlslnUlv] =2.)

( 7

i Yo
| * —
1 | | |
,,,,,,,,, N I | [
I ! !
| lell el
( 1 | 1
| | R 2 Ul
‘\k 777777777777777777 )
I\ J

Relationship between ground-incompatibility and L-incompatibility

¢, ground-incompatible = ¢, l-incompatible.
Proof: If t = ¢ and t = v, then by ground-incompatibility, t=tnt =g.

¢, L-incompatible and downward closed = ¢, ground-incompatible.
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¢, are ground-incompatible if [t = ¢ and s =] == snt=@. Equivalently,

dlnlpl=UlslnUlv] =2.)

( 7

i Yo
| * —
1 | | |
,,,,,,,,, N I | [
I ! !
| lell el
( 1 | 1
| | R 2 Ul
‘\\ 777777777777777777 )
I\ J

Relationship between ground-incompatibility and L-incompatibility

¢, ground-incompatible = ¢, l-incompatible.
Proof: If t = ¢ and t = v, then by ground-incompatibility, t=tnt =g.

¢, L-incompatible and downward closed = ¢, ground-incompatible.
Proof: If t = ¢ and s = 1), then by downward closure, tN's = ¢ A 1, so by L-incompatibility, tns = @.
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¢, are ground-incompatible if [t = ¢ and s =] == snt=@. Equivalently,

dlnlpl=UlslnUlv] =2.)

( M)

it Yokl
| | —
1 | | |
,,,,,,,,, N I | [
I ! !
| lell el
(— | 1 |
| | S EEREEREE 2 Ul
‘\\ 777777777777777777 )
- /

Relationship between ground-incompatibility and L-incompatibility

¢, ground-incompatible = ¢, l-incompatible.
Proof: If t = ¢ and t = v, then by ground-incompatibility, t=tnt =g.

¢, L-incompatible and downward closed = ¢, ground-incompatible.
Proof: If t = ¢ and s = 1), then by downward closure, tN's = ¢ A 1, so by L-incompatibility, tns = @.

Therefore, D is also bicomplete for ground-incompatible pairs.



Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):
Recall that teams can represent information states.

A
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Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):
Recall that teams can represent information states.
A classical (flat) formula determines a local constraint on all the valuations/worlds in an information state:
SEa < Vves:skE a. If we know that the real world is in an information state that supports «, we know
that the real world must be an a-world. The information expressed by classical formulas pertains only to what is
the case according to valuations/possible worlds—what is represented in these valuations is typically factual
information (about what a world is like).
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Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):

Recall that teams can represent information states.

A classical (flat) formula determines a local constraint on all the valuations/worlds in an information state:
SEa < Vves:skE a. If we know that the real world is in an information state that supports «, we know
that the real world must be an a-world. The information expressed by classical formulas pertains only to what is
the case according to valuations/possible worlds—what is represented in these valuations is typically factual
information (about what a world is like).

By contrast, a non-classical (non-flat) formula determines a global constraint on information states—a
constraint that pertains, in the first place, to information states qua information states (rather than primarily to
worlds and secondarily to states, like classical formulas). What is expressed pertains to features of information
states rather than to purely valuation/world-based and hence factual matters.
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Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):

Recall that teams can represent information states.

A classical (flat) formula determines a local constraint on all the valuations/worlds in an information state:
SEa < Vves:skE a. If we know that the real world is in an information state that supports «, we know
that the real world must be an a-world. The information expressed by classical formulas pertains only to what is
the case according to valuations/possible worlds—what is represented in these valuations is typically factual
information (about what a world is like).

By contrast, a non-classical (non-flat) formula determines a global constraint on information states—a
constraint that pertains, in the first place, to information states qua information states (rather than primarily to
worlds and secondarily to states, like classical formulas). What is expressed pertains to features of information
states rather than to purely valuation/world-based and hence factual matters.

Eg.,lets=ep < JtCs:t+ @ and t = ¢. ¢¢p can be thought to express 'it might be the case that ¢’
according to the information embodied in a satisfying state. If | assert ¢, | do not directly express anything
about what the world is like, only that my information state is such that it does not rule out ¢.
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Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):

Recall that teams can represent information states.

A classical (flat) formula determines a local constraint on all the valuations/worlds in an information state:
SEa < Vves:skE a. If we know that the real world is in an information state that supports «, we know
that the real world must be an a-world. The information expressed by classical formulas pertains only to what is
the case according to valuations/possible worlds—what is represented in these valuations is typically factual
information (about what a world is like).

By contrast, a non-classical (non-flat) formula determines a global constraint on information states—a
constraint that pertains, in the first place, to information states qua information states (rather than primarily to
worlds and secondarily to states, like classical formulas). What is expressed pertains to features of information
states rather than to purely valuation/world-based and hence factual matters.

Eg.,lets=ep < JtCs:t+ @ and t = ¢. ¢¢p can be thought to express 'it might be the case that ¢’
according to the information embodied in a satisfying state. If | assert ¢, | do not directly express anything
about what the world is like, only that my information state is such that it does not rule out ¢.

We may think of the ground team |¢| of ¢ as representing the factual information expressed by ¢: the
ground-team of ¢ is a classical proposition which is true precisely in all the possible worlds which compose the
information states in which ¢ in supported, and which does not directly communicate any non-factual
information.
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Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):

Recall that teams can represent information states.

A classical (flat) formula determines a local constraint on all the valuations/worlds in an information state:
SEa < Vves:skE a. If we know that the real world is in an information state that supports «, we know
that the real world must be an a-world. The information expressed by classical formulas pertains only to what is
the case according to valuations/possible worlds—what is represented in these valuations is typically factual
information (about what a world is like).

By contrast, a non-classical (non-flat) formula determines a global constraint on information states—a
constraint that pertains, in the first place, to information states qua information states (rather than primarily to
worlds and secondarily to states, like classical formulas). What is expressed pertains to features of information
states rather than to purely valuation/world-based and hence factual matters.

Eg.,lets=ep < JtCs:t+ @ and t = ¢. ¢¢p can be thought to express 'it might be the case that ¢’
according to the information embodied in a satisfying state. If | assert ¢, | do not directly express anything
about what the world is like, only that my information state is such that it does not rule out ¢.

We may think of the ground team |¢| of ¢ as representing the factual information expressed by ¢: the
ground-team of ¢ is a classical proposition which is true precisely in all the possible worlds which compose the
information states in which ¢ in supported, and which does not directly communicate any non-factual
information.

Then ¢ and v are ground-incompatible if they are incompatible in terms of factual information expressed. They
are L-incompatible but not ground-incompatible if not factually incompatible, but incompatible in terms
non-factual constraints.
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Sketch of one possible intuitive interpretation of ground-incompatibility (cf. [Yal07; Yalll; CGR18]):

Recall that teams can represent information states.

A classical (flat) formula determines a local constraint on all the valuations/worlds in an information state:
SEa < Vves:skE a. If we know that the real world is in an information state that supports «, we know
that the real world must be an a-world. The information expressed by classical formulas pertains only to what is
the case according to valuations/possible worlds—what is represented in these valuations is typically factual
information (about what a world is like).

By contrast, a non-classical (non-flat) formula determines a global constraint on information states—a
constraint that pertains, in the first place, to information states qua information states (rather than primarily to
worlds and secondarily to states, like classical formulas). What is expressed pertains to features of information
states rather than to purely valuation/world-based and hence factual matters.

Eg.,lets=ep < JtCs:t+ @ and t = ¢. ¢¢p can be thought to express 'it might be the case that ¢’
according to the information embodied in a satisfying state. If | assert ¢, | do not directly express anything
about what the world is like, only that my information state is such that it does not rule out ¢.

We may think of the ground team |¢| of ¢ as representing the factual information expressed by ¢: the
ground-team of ¢ is a classical proposition which is true precisely in all the possible worlds which compose the
information states in which ¢ in supported, and which does not directly communicate any non-factual
information.

Then ¢ and v are ground-incompatible if they are incompatible in terms of factual information expressed. They
are L-incompatible but not ground-incompatible if not factually incompatible, but incompatible in terms
non-factual constraints.

Cf. epistemic contradictions: It is raining but it might not be raining.

orA=ri= 1 but |er|n|-r| = |T|N|=r| = |-r] # .
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More incompatibility notions/pair properties and bicompleteness results from the paper:

Pair property

| Definition(s)

|

Bicomplete logics

L-incompatible (Li) e[sEg¢pandskE¢1] = s=0g D, IF
® do, b1 = L
e li+ETorui
Ground-incompatible (gi) e[skEgpandtl=¢1] = snt=0 D, IF, BSML,

e [¢olnlo1] =

BSMLY, PL(NE, V)

L-incompatible (1 i)

® ¢g and ¢$1 never jointly true

® $o, $1 =
® [oolln H¢>1H =o=|1
L-incompatible and o [sk ¢gands )= $1] < s=0 D, IF
empty team prop. (Li+ NE) ® ¢p,P1 = L and ¢g, Py HL
o ool nloill = {2} =lL]
World-complementary (wc) ° {w} |: P9 — {w} H Py PL(=(-)), PL

Team-complementary (tc) j = s PL(~) (w.rt. ~)
. ||<1> H = 70~ gy ,H

Flat-complementary (fc) e wc and ¢q, ¢ flat PL
o [oi =TI~ |¢>1 i)
e |pil={s|tEp; = snt=g

o ol =UfP< HTH [P, 1 b1-ill G-I}

@1 down-set complement
(dc) of ¢g

o5k ¢ —
[[tE ¢pand tcs] = t=0]

IngB (w.r.t. —;), PL

Down-set complements ® 1 dc of ¢ or ¢pg dc of ¢1 HS, PL

(on either side) (dce)

Ground-complementary (gc) o [ =T\ ]p1 ] PL(=(-)), PL
Ground-complementary mod 1 o |;| =|T|\|p1_;| or pg =L or p1 =1 PL(NE), PL(<-)), PL
All pairs PL(NEY, V)




More relationships between the incompatibility notions/pair properties:

fc ——— dc —— dce

Li+ET
o
7/
Conv. -~ |
s I ET
, I
ET v DC 1
c T T e~ <
c gT_ gcmod I — gi
1
DC!
~ < |
UC & ET - +
T T - wc

tc — i
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Propositional Dependence Logic with the Dual Negation

Propositional dependence logic PL(=(-)), similarly to D, extends classical propositional logic PL with
dependence atoms:

Syntax of PL(=(-)):
pu=p|L|-¢|dr|dve| =(p1,-..,spn Q)

Bilateral semantics for dependence atoms:

sE=(p1-..,Pnsq) ie= Vv,wes:[vEp < wEkpforall Vi<i<n] = [vEq < wE(q]
s==(p1...,pn,q) = 5=0
In other words, a dependence atom =(p;i ..., pn, q) is true/supported in a team s if the values of p;,..., pn

jointly determine the value of g in any valuation in the team.
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Propositional Dependence Logic with the Dual Negation

Propositional dependence logic PL(=(-)), similarly to D, extends classical propositional logic PL with
dependence atoms:

Syntax of PL(=(-)):
pu=p|L|=d|orp|dVvY| =(p1,-..,Pn,q)

Bilateral semantics for dependence atoms:

seE=(p1---,pPn,q) ie= Vv,wes:[vEp < wEkpforall Vi<i<n] = [vEq < wE(q]
s==(p1---,pn,q) = s=0
In other words, a dependence atom =(p;i ..., pn, q) is true/supported in a team s if the values of p;,..., pn

jointly determine the value of g in any valuation in the team.

Expressive Completeness Theorem [YV16] J

PL(=(-)) is expressively complete for downward-closed properties with the empty team property.
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We show that PL(=(-)) is bicomplete for ground-complementary pairs:

¢ and v are ground-complementary : [p] =T\ [2]
P and Q are ground-complementary : Upr=Itnye

Interpretation
000

(Intuitively, ¢ and 1 are ground-complementary if the factual information expressed by one is the classical

negation of the factual information expressed by the other.)

References
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We show that PL(=(-)) is bicomplete for ground-complementary pairs:

¢ and v are ground-complementary : [p] =T\ [2]
P and Q are ground-complementary : UrP=T ye

(Intuitively, ¢ and 1 are ground-complementary if the factual information expressed by one is the classical
negation of the factual information expressed by the other.)

We first show that ¢ and —¢ are ground-complementary.



Define the flattening ¢ of ¢ by ¢ := ¢(T/ =(p1 ..., pn,q)) (i-e., replace each dependence atom by T). Clearly
¢f e PL.

A



Define the flattening ¢ of ¢ by ¢ := ¢(T/ =(p1 ..., pn,q)) (i-e., replace each dependence atom by T). Clearly
¢f e PL.
For a € PL, define [a] := {w | w = a}. Clearly [a] = |a| for o € PL.

A



of e PL.

Define the flattening ¢ of ¢ by ¢ := ¢(T/ =(p1 ..., pn,q)) (i-e., replace each dependence atom by T). Clearly
For a € PL, define [a] := {w | w = a}. Clearly [a] = |a| for o € PL.
For all ¢ € PL(=()), ¢] = |¢|-

A



Define the flattening ¢ of ¢ by ¢ := ¢(T/ =(p1 ..., pn,q)) (i-e., replace each dependence atom by T). Clearly
¢f e PL.
For a € PL, define [a] := {w | w = a}. Clearly [a] = |a| for o € PL.

For all ¢ € PL(=(")), |¢| = |¢'].

By induction on the complexity of ¢.




Define the flattening ¢ of ¢ by ¢ := ¢(T/ =(p1 ..., pn,q)) (i-e., replace each dependence atom by T). Clearly
¢f e PL.
For a € PL, define [a] := {w | w = a}. Clearly [a] = |a| for o € PL.

For all ¢ € PL(=(")), |¢| = |¢'].

By induction on the complexity of ¢.

Base: | =(p1...,pn,q)| =T =|=(p1... ,p,,,qf)f| since w € {w} ==(p1 ..., pn,q) for any w, and
I==(p1-- s pns @) = [L] = (= =(p1- -, Pn;@))"|.
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Define the flattening ¢ of ¢ by ¢ == ¢(T/=(p1...,pn,q)) (i.e., replace each dependence atom by T). Clearly
¢f e PL.
For a € PL, define [a] := {w | w = a}. Clearly [a] = |a| for o € PL.

Lemma

For all ¢ € PL(=(")), |¢| = |¢'].

Proof.

By induction on the complexity of ¢.

Base: | =(p1...,pn,q)|=|T|=|=(p1.- .,p,,,qf)f| since w e {w} ==(p1 ..., pn, q) for any w, and
|==(p1-- -, pn, @)l = [L] = (= =(p1 .., Pn,@))"]-

Let ¢ = A x. We first show |9 A x| =[] n|x|. [¥ A x| S |¥|n|x]| is immediate; for the converse inclusion, let
w e |Yp|n|x|]. Then wet k=1 and w e u = x. By downward closure, {w} =1 and {w} = x, so w € |1 A x|.
Then:

I Axl =1l lxd = 1 n x| = [T X1 = [F A x"T =1 Ax) T =1 A x).
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Define the flattening ¢ of ¢ by ¢ == ¢(T/ =(p1...,Pn,q)) (i.e., replace each dependence atom by T). Clearly
¢f e PL.
For a € PL, define [a] := {w | w = a}. Clearly [a] = |a| for o € PL.

Lemma

For all ¢ € PL(=(-)), |¢| = |¢f].

Proof.

By induction on the complexity of ¢.

Base: | =(p1...,pn,q)|=|T|=|=(p1.- .,p,,,qf)f| since w e {w} ==(p1 ..., pn, q) for any w, and
|==(p1---,pn, @) = L] =[(==(p1...,Pn,q))"]

Let ¢ = A x. We first show |9 A x| =[] n|x|. [¥ A x| S |¥|n|x]| is immediate; for the converse inclusion, let
w e |Yp|n|x|]. Then wet k=1 and w e u = x. By downward closure, {w} =1 and {w} = x, so w € |1 A x|.
Then:

oAl =Wl nld = W10 lx'| = B0 XD = [ A X T = 1@ A ) T =1 A %)

Let ¢ = v x. We first show [ip v x| = [¢|U|x|. For [tV x| < || Ulx]|, if welpvx| then wes kv x. We have
that s = s; Usp where s; =1 and s; = x, so w € s; or w € 5. Either way, w € [¢)| U |x|. For the converse
inclusion, let w € || U |x|- Then w € s where s =9 or s = x; assume without loss of generality that s = v¢. By
the empty team property, s=sU@E ¥ Vv x, so w €[V x|. Then:

[ vxl=llulxl =R Tulx|= [ TulxXT= 1 vXT=1@v)T =1 v

™ = =




For all ¢ € PL(=()), |¢] = |¢].
For all ¢ € PL(=(-)), ¢ and —¢ are ground-complementary: |¢| = |T| \ [-¢]. I

«O» «F)»r « =>»

<

A



For all ¢ € PL(=()), |¢] = |¢].
For all ¢ € PL(=(-)), ¢ and —¢ are ground-complementary: |¢| = |T| \ [-¢]. l
By the previous lemma:

16l =16 = [¢'T = [TT ~ [=¢"T = ITI 67| = [TIN (=) | = [T~ |=¢l. O

A



For all ¢ € PL(=()), |¢] = |¢].
For all ¢ € PL(=(-)), ¢ and —¢ are ground-complementary: |¢| = |T| \ [-¢]. l
By the previous lemma:

16l =16 = [¢'T = [TT ~ [=¢"T = ITI 67| = [TIN (=) | = [T~ |=¢l. O

Cf. first-order dependence logic (this is essentially D-version of the matching pennies sentence):

[Vx =(x)| = |L| (assuming models of size > 2); and |-Vx =(x)| = ||

A



This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.

A



This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.
Characteristic formulas for valuations and teams:
xo = AplviEppeX}AN-p|vHppeX}
wl=xf,( — w|X=vIX

A



This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.
Characteristic formulas for valuations and teams:
xo = AplviEppeX}AN-p|vHppeX}
w|=)d,( — w|X=vIX

Xs = Vves Xf/(

t|=Xg< — tlXcs X

A
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This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.

Characteristic formulas for valuations and teams:
=NplvEppeX}AN-p|vppeX} X = Vves X%
W’=X)V<‘=’WTX=VFX t|=x§<<=>trX§srX

W = L A5 = Apex =(p), and for n>2, 70 =V, 1.
Then for s € 2X, we have s = yX <= |s| < n, where |s] is the size of s.
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This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.

Characteristic formulas for valuations and teams:
=MplvEppeX}AN{-P|VIEppeX} XE = Vies X5
WD:X)f(:»WrX:va t|=xg<<=>trX§srX
yé =1, 'yf = Apex =(p), and for n > 2, 'y,)f =V,
Then for s € 2X, we have s = yX <= |s| < n, where |s] is the size of s.
For a nonempty s ¢ 2X | let 55 = 7\)s(|71 \% Xl)i\x\S'
Then for t c2X, t = € — s¢t.
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This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.

Characteristic formulas for valuations and teams:

=MplviEppeXIAN-p|vippeX} XL = Vies X¥
W’=X)V<‘=’WTX=VFX t|=x§<<=>trX§srX

yé =1, 'yf = Apex =(p), and for n > 2, 'y,)f =V,
Then for s € 2X, we have s = yX <= |s| < n, where |s] is the size of s.
For a nonempty s ¢ 2%, let 55 = 7\)s(|—1 \% Xl)i\x\S'

Then for t c2X, t = € — s¢t.
Characteristic formulas for downward-closed properties P with the empty team property (over finite X):
X
P= /\ fs

se|[T|x\P X
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This time the proof of the Burgess Theorem is not analogous to Burgess' proof. Rather, we modify the proof of
the expressive completeness theorem.

Characteristic formulas for valuations and teams:

=MplviEppeXIAN-p|vippeX} XL = Vies X¥
W’=X)V<‘=’WTX=VFX t|=x§<<=>trX§srX

W = L A5 = Apex =(p), and for n>2, 70 =V, 1.
Then for s € 2X, we have s = yX <= |s| < n, where |s] is the size of s.

For a nonempty s ¢ 2X | let ff = 7\)s(|71 \% Xl)i\x\S'

Then for t c2X, t = € — s¢t.

Characteristic formulas for downward-closed properties P with the empty team property (over finite X):

P= &

se|[T|x\P

X

Characteristic formulas for ground-complementary pairs (P, Q) of downward-closed properties with the empty
team property (over finite X):
+
P,Q=| AN &v- AN & where R”1 := {se R|[s|>1}.

seTlx P se([Tlx~Q)>? X
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Burgess’ intended his theorem to serve in part as a point against IF and Hintikka's philosophical ambitions:
In recent years Hintikka and co-workers have revived a variant version of the logic of Henkin sen-
tences under the label “independence-friendly” logic, have restated many theorems about existential
second-order sentences for this “new” logic, and have made very large claims about the philosophical
importance of the theorems thus restated. In discussion, pro and con, of such philosophical claims
it has not been sufficiently emphasized that contrariety [dual negation], the only kind of “negation”
available, fails to correspond to any operation on classes of models. For this reason it seemed worth-
while to set down, in the form of the corollary above, a clear statement of just how total the failure
is.
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Burgess’ intended his theorem to serve in part as a point against IF and Hintikka's philosophical ambitions:
In recent years Hintikka and co-workers have revived a variant version of the logic of Henkin sen-
tences under the label “independence-friendly” logic, have restated many theorems about existential
second-order sentences for this “new” logic, and have made very large claims about the philosophical
importance of the theorems thus restated. In discussion, pro and con, of such philosophical claims
it has not been sufficiently emphasized that contrariety [dual negation], the only kind of “negation”
available, fails to correspond to any operation on classes of models. For this reason it seemed worth-
while to set down, in the form of the corollary above, a clear statement of just how total the failure
is.

Note, however, that Hintikka did also consider an extension of IF with the Boolean/contradictory negation ~
(extended independence-friendly logic), and that he ultimately viewed each negation as indispensable [Hing6]:

..in any sufficiently rich language, there will be two different notions of negation present. Or if you
prefer a different formulation, our ordinary concept of negation is intrinsically ambiguous. The reason
is that one of the central things we certainly want to express in our language is the contradictory
negation. But ... a contradictory negation is not self-sufficient. In order to have actual rules for
dealing with negation, one must also have the dual negation present, however implicitly.



A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

A
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different
incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different
incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-

- Given a classical notion of negation,
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --1).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different
incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-
- In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

- Given a classical notion of negation,

, but we at least
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different
incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness

w.r.t.

a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-
In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

Given a classical notion of negation,

, but we at least

In a logic bicomplete for ground-incompatible pairs, ||¢| does not determine |-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different

incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-
- In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

- Given a classical notion of negation,

, but we at least

- In a logic bicomplete for ground-incompatible pairs, |¢| does not determine ||-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.

- In a logic bicomplete for L-incompatible pairs, we do not even know that, but we know |¢| n|-¢| ¢ {@}.
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different

incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-
- In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

- Given a classical notion of negation,

, but we at least

- In a logic bicomplete for ground-incompatible pairs, |¢| does not determine ||-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.

- In a logic bicomplete for L-incompatible pairs, we do not even know that, but we know |¢| n|-¢| ¢ {@}.
One should also be careful about the claim that the negation is not a semantic operation. Hodges' [Hod97] goal

in developing team semantics was to provide a compositional semantics for IF (i.e., all connectives are
“semantic operations”).
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different

incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-
- In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

- Given a classical notion of negation,

, but we at least

- In a logic bicomplete for ground-incompatible pairs, |¢| does not determine ||-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.

- In a logic bicomplete for L-incompatible pairs, we do not even know that, but we know |¢| n|-¢| ¢ {@}.
One should also be careful about the claim that the negation is not a semantic operation. Hodges' [Hod97] goal

in developing team semantics was to provide a compositional semantics for IF (i.e., all connectives are
“semantic operations”). Take the semantic value of ¢ to be the pair (||¢||, [|-9]).
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --1).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different
incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

=l =0T ol

- Given a classical notion of negation,

- In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

, but we at least

- In a logic bicomplete for ground-incompatible pairs, |¢| does not determine ||-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.

- In a logic bicomplete for L-incompatible pairs, we do not even know that, but we know |¢| n|-¢| ¢ {@}.

One should also be careful about the claim that the negation is not a semantic operation. Hodges' [Hod97] goal
in developing team semantics was to provide a compositional semantics for IF (i.e., all connectives are
“semantic operations”). Take the semantic value of ¢ to be the pair (||¢]|,||-¢||). Then the value for —¢ can be
obtained from the value for ¢ by simply flipping the elements of the pair (since double negation elimination
holds).
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different
incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

=l =0T ol

- Given a classical notion of negation,

- In a logic bicomplete for ground-complementary pairs, , but we at least

know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

- In a logic bicomplete for ground-incompatible pairs, |¢| does not determine ||-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.

- In a logic bicomplete for L-incompatible pairs, we do not even know that, but we know |¢| n|-¢| ¢ {@}.

One should also be careful about the claim that the negation is not a semantic operation. Hodges' [Hod97] goal
in developing team semantics was to provide a compositional semantics for IF (i.e., all connectives are
“semantic operations”). Take the semantic value of ¢ to be the pair (||¢]|,||-¢||). Then the value for —¢ can be
obtained from the value for ¢ by simply flipping the elements of the pair (since double negation elimination
holds). This also accords with the philosophical theory motivating some bilateral notions of negation,
bilateralism /rejectivism [Prig3; Pri90; Smi96; Rumo00], the view that both assertion and rejection conditions must be
taken into account (and they might be independent) when analyzing meanings.
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A common gloss has it that Burgess establishes or shows that the dual negation is “not a semantic operation”.

But note that it is not Burgess' theorem that establishes the “non-semantic” nature of the dual negation. The
failure of the negation to correspond to any operation on classes of models is an easily observable, simple fact
(e.g. in dependence logic: - =(x,y) = 1, but =— =(x,y) # --L).

Burgess' theorem is a further fact pertaining to the degree of failure of determination. Our different

incompatibility notions can be thought of as giving us a way of measuring this degree, with bicompleteness
w.r.t. a stronger notion of incompatibility corresponding to less failure of determination:

|-¢l: [-¢l =TI~ lol-
- In a logic bicomplete for ground-complementary pairs,
know the ground team of |-¢| because |¢| determines |-~¢|: |-¢| = |T| \ |¢].

- Given a classical notion of negation,

, but we at least

- In a logic bicomplete for ground-incompatible pairs, |¢| does not determine ||-¢| and |¢| does not
determine |-¢|, but we know |¢| and |-¢| are disjoint.

- In a logic bicomplete for L-incompatible pairs, we do not even know that, but we know |¢| n|-¢| ¢ {@}.

One should also be careful about the claim that the negation is not a semantic operation. Hodges' [Hod97] goal
in developing team semantics was to provide a compositional semantics for IF (i.e., all connectives are
“semantic operations”). Take the semantic value of ¢ to be the pair (||¢]|,||-¢||). Then the value for —¢ can be
obtained from the value for ¢ by simply flipping the elements of the pair (since double negation elimination
holds). This also accords with the philosophical theory motivating some bilateral notions of negation,
bilateralism /rejectivism [Prig3; Pri90; Smi96; Rumo00], the view that both assertion and rejection conditions must be
taken into account (and they might be independent) when analyzing meanings. More carefully, then: the dual
negation is not semantic w.r.t. positive meanings, but it is semantic w.r.t. positive-negative meaning pairs.



Thank you!

o <5 = = = 9ac



Overwew Dual negation in IF Burgess’ Theorem for IF Burgess Theorem for BSML Incompatibilities Burgess Theorem for PL(=(:)) Interpretation References
000

00000 0000 00000000000000 0000 00000
References
[AK25] Aleksi Anttila and Sgren Brinck Knudstorp. Convex team logics, 2025.
[Alo22] Maria Aloni. Logic and conversation: the case of free choice. Semantics and Pragmatics, 15(5), 2022.
[Ant24] Aleksi Anttila. Further remarks on the dual negation in team logics, 2024.
[Bur03] John P. Burgess. A remark on Henkin sentences and their contraries. Notre Dame Journal of Formal Logic, 44(3):185-188, 2003.
[CGR18] Ivano Ciardelli, Jeroen Groenendijk, and Floris Roelofsen. Inquisitive Semantics. Oxford University Press, 11 2018.
[End70] Herbert B. Enderton. Finite partially-ordered quantifiers. Z. Math. Logik Grundlagen Math., 16:393-397, 1970.
[Hen61] L. Henkin. Some remarks on infinitely long formulas. Journal of Symbolic Logic, 30(1):167-183, 1961.
[Hin96] Jaakko Hintikka. The Principles of Mathematics Revisited. Cambridge University Press, 1996.
[Hod97] Wilfrid Hodges. Compositional semantics for a language of imperfect information. Logic Journal of the IGPL, 5(4):539-563, 1997.
[HS89] Jaakko Hintikka and Gabriel Sandu. Informational independence as a semantical phenomenon. In Jens Erik Fenstad, Ivan T. Frolov, and
Risto Hilpinen, editors, Logic, Methodology, and Philosophy of Science VIII, volume 126 of Studies in Logic and the Foundations of
Mathematics, pages 571-589. Elsevier, 1989.
[KV09] Juha Kontinen and Jouko Vaaninen. On definability in dependence logic. J. Log. Lang. Inf., 18(3):317-332, 2009.
[KV11] Juha Kontinen and Jouko Vainanen. A remark on negation in dependence logic. Notre Dame Journal of Formal Logic, 52(1):55-65, 2011.
[MSS11] Allen L. Mann, Gabriel Sandu, and Merlijn Sevenster. Independence-friendly logic, volume 386 of London Mathematical Society Lecture
Note Series. Cambridge University Press, Cambridge, 2011. A game-theoretic approach.
[Pri83] Huw Price. Sense, assertion, Dummett and denial. Mind, 92(366):161-173, 1983.
[Pri90] Huw Price. Why “not”? Mind, 99(394):221-238, 1990.
[Rum00] lan Rumfitt. “Yes” and “No”. Mind, 109(436):781-823, 2000.
[Smi96] Timothy Smiley. Rejection. Analysis (Oxford), 56(1):1-9, 1996.
[Va07] Jouko Vaaninen. Dependence Logic: a New Approach to Independence Friendly Logic. Cambridge University Press, 2007.
[Wal70] Wilbur John Walkoe, Jr. Finite partially-ordered quantification. J. Symbolic Logic, 35:535-555, 1970.
[Yal07] Seth Yalcin. Epistemic modals. Mind, 116(464):983-1026, 2007.
[Yalll] Seth Yalcin. Nonfactualism about Epistemic Modality. In Epistemic Modality, pages 295-332. Oxford University Press, 2011.
[YV16] Fan Yang and Jouko Vainanen. Propositional logics of dependence. Annals of Pure and Applied Logic, 167(7):557-589, 2016



	Overview
	Dual negation in IF
	Burgess' Theorem for IF
	Burgess Theorem for BSML
	Incompatibilities
	Burgess Theorem for PL(=())
	Interpretation
	References

