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Team semantics

In team semantics, formulas are interpreted with respect sets of valuations—teams—rather than single
valuations. Teams provide for ways to express meanings not readily expressible in single-valuation

semantics.
single-valuation semantics team semantics dependence logic example:
viE skE¢
v e sc2™”
pla|r
vi |01 )1
Vp Vg Vp Vpgq w|0|1]|0
V3 1 0 0
V3 1 0 0
Vi v
! % v s D(p,q) s# D(p,r)
the value of p determines the
Vo= P {Vo, Vog s = P value of q but does not

determine the value of r
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PL(w)

Syntax of classical propositional logic CPL:
az=p|l|-alaralava
Syntax of propositional logic with the global/inquisitive disjunction Vv PL(\)
Qpu=plL|-a|ond|ove|pVve where a e CPL

PL(\W) is expressively equivalent to propositional dependence logic and propositional inquisitive logic.
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Semantics
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Closure properties

¢ is downward closed- [sEdandtCs] = tkE=¢

¢ is union closed: [seE¢forallseS+g] = | JSES
¢ has the empty team property : oE

¢ is flat: sE¢p <— {viEg¢forallves

flat <= downward closed & union closed & empty team property
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Closure properties

¢ is downward closed- [sEdandtCs] = tkE=¢

¢ is union closed: [seE¢forallseS+g] = | JSES
¢ has the empty team property : oE

¢ is flat: sE¢p <— {viEg¢forallves

flat <= downward closed & union closed & empty team property

CPL-formulas are flat and their team semantics coincide with their standard semantics on singletons:
forae CPL: skEa < Vves:{vlkEa < Vves:vEa
Therefore PL(\) is a conservative extension of classical propositional logic:

for Z=u{a} c CPL: =k «a (in team semantics) <= =k « (in standard semantics)
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The global/inquisitive disjunction w

All formulas are downward closed and have the
empty team property, but formulas with Vv might
not be union closed.

Vp Vpq

Vq v
{vo} E  pV-p
{vq} EopVop

{Voova} ¥ pV-p

Properties of the system

0000000
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The global/inquisitive disjunction w

All formulas are downward closed and have the
empty team property, but formulas with Vv might
not be union closed.

Vp Vpq
Vq v
{vo} E  pV-p
{vq} EopVop
{Vosva} ¥ pV-p
{vo,vp} B (pV-p)V(PV-p)

PL(W) is not closed under uniform substitution.
E.g., pvpEpbut (pV-p)Vv(pV-p) K pWV-p.

Properties of the system
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The global/inquisitive disjunction w

All formulas are downward closed and have the
empty team property, but formulas with Vv might

not be union closed. A, V, and W distribute over WV :

y y pr(pvx) = (pAY)VI(dAX)
’ “ ¢V (V) (ove)V(9vx)
oV (PVvx) = (pVY)V(oVx)
Vq v Therefore, each ¢ € PL(\) is equivalent to a V-

disjunction of classical formulas called the resolu-
tions of ¢: ¢ = VR(®) (R(¢) € CPL).

{vo} E  pV-p
{vq} EopVop
{vo,va} ¥ pV-p
{vo,vp} B (pV-p)V(PV-p)

PL(W) is not closed under uniform substitution.
E.g., pvpEpbut (pV-p)Vv(pV-p) K pWV-p.
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The global/inquisitive disjunction w

All formulas are downward closed and have the
empty team property, but formulas with Vv might

not be union closed. A, V, and W distribute over WV :
pA(pVvY) = (eAYP)VI(PAX)

oV (dvx) (evy)V(ovx)
pv(pvx) = (eVv)v(pVvx)

Vp Vpq

Vq v Therefore, each ¢ € PL(\) is equivalent to a V-
disjunction of classical formulas called the resolu-
tions of ¢: ¢ = VR(®) (R(¢) € CPL).

{vo} E  pV-p .

{va} £ pVop Split property
{Vp,vq} ¥ pV=p For = c CPL:
{Vpsvp}  E (PV=p) Vv (pV-p)

ZE Vo iff = ¢1 or = E ¢o.

PL(W) is not closed under uniform substitution.
E.g., pvpEpbut (pV-p)Vv(pV-p) K pWV-p.
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Sequent calculus

The logic PL(\V)
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Natural deduction system

« must be classical.

¢ Y A dAY

oA Al p AE " AE
(o] [-a]

: (673 - B i

i P -E i qb EF
", =l - RAA

[4] [¥]

¢€¢ wl ¢$¢ wl PV Y X).( X

Properties of the system
0000000

(¢] (]
¢ : :
VD vl oV aoz o VE
(4]
ziﬁ vCo %VM%
oV (P WVx) b
VE Gvoyv(ovy oY

7/21



The logic PL(\V) Sequent calculus Properties of the system
000000 @000000 0000000

A sequent calculus for CPL

Axioms
Mp=p A At MMi=A L1

Logical rules

r=¢a ro=4 Cut
r-¢=A r=-¢,A
M=o¢,A Meo=% Cut
r A r A r A u
7‘}571/1: LA :>¢7 31/17 RA [—|7r:>A’Z
ony=A Fr=o¢r¢, A
Me=A My=A M= o¢,0,A
Lv Rv
Movy=A =¢vi, A

G3-style sequent calculus for CPL.
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A naive translation of the ND-system:

Mp=p A At

MN=a,A
IM-a=A

-

o, v =A

Tonv=a

Mo== My==
Movy == A

Lv

I',¢1=>A F,¢2=>A
r,¢1\V¢2=>A

Lwv

Moviyr=A Moviy, = A
r7¢V(’l/J1\V’L/12):>A

LDstr

o, = must be classical.

M= -a,A

Mi=A LL

MNa=A

-

M= ¢,= Mr=qy,=

Fr=o¢viy,A

M= 1V, A

Fsonosn

r A
= ¢, 9 Ry

r i A
=9 Rwv

N=o¢v (Y1 Vi), A

M= (pvir)Vv(ovie),A

Properties of the system

0000000

RDstr
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following sequent in this system?

Problem 1: the distributivity rules are not strong enough—how would one give a cutfree proof of the

(((pAx)V (@A) V (¥ AX)) Y (rax) = (((BVY) v ) AV (((qVy) v ) Ax)

oAt 10/21
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Problem 2: How does cut elimination work with the restricted rules?
In a classical cut elimination proof, the cut below

D; D;
rn=¢>= ré=¢= n D;
FnveE— ¢ = Vo M= A c
MT,nvE=Z,A ut
can be commuted upwards:
Di D3 Di D;
Mn=¢7= Mo¢=X% Mé=o,= Mo=A
= Cut — Cut
nrnp==A nr,&e==A [
v

MrnpvéE==A
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If there are restrictions on the rules, this cannot be done freely:

Dy Dy
Mn=9¢5= MNé=o,= D}
Fnvé= o=, A V' ngos
Mryvé==A,x Cut
would be transformed into
Dy D; Dy D;
Mn=¢= Me¢=% MNé=o,= Me¢=%
Mrn—=y Cut Mréiszsys Cut
#Lv

MnrnvE==xY A
which contains an illegitimate application of Lv.
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A deep inference system
Axioms
Mp=p A At Mi=A LL
Logical rules
M=o, A MNa=A
M-o=A " M= -o,A
Mo, v=A [ [=¢,= [=y,= R
Mong=na FT=o¢nrt,= A A
Mo== My== M= o¢,9,A
= Lv ——— Rv
Movy==A Fr=o¢vy, A
M xlo/n] = A [ xl¢2/n] = A r = x[¢i/n], A
Lwv RwV

r, X[¢1 vV ¢>2/77] =A

= x[¢1V¢2/n], A

Properties of the system
0000000

intended inter-
pretation of I = A
is AT E VA (not
AT = \WVA).

The

«, = must be classical.

o[v]: a specific occur-
rence of the subformula
1 within ¢.

olx/¢]:  the result of
replacing ¢[v¢'] in ¢ with
X-

n must not occur within

the scope of a negation.
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Alternative multiplicative linear logic-style rules:

o0 =A ! M= A M=, A R
Fong=A ML= oAd,ALD,
F1,¢:>A1 I'2,1/;:>A2 r=>¢,’([),A
rl,r2,¢VIp$A1,A2

Structural rules

FSove.n XV

= A = A
Mo=A tw r=¢,A Rw
Mo, d=A LC MN=ao,a A
Mo=A

M=o A RC
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Weak subformula property

Definition (\-subformulas)

The set SFy\, (¢) of \V -subformulas of ¢ is defined recursively by:
SFv (p) = {p}
SFy (a) = {-~a} u SFy (a)
SFy (@A) ={pAy}uSFy (¢)uSFy (¥)
SFv (pv ) ={o v} uSFy (¢) uSFy (¥)
SFy (x[#1V ¢2/n]) = {x[¢1V ¢2/n]} U SF\/ (x[¢1/n]) U SF\ (x[¢2/n])

Weak subformula property
Any formulas appearing in a cutfree proof of ' = A are SF\,-subformulas of formulas in I'; A.

.
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Depth-preserving weakening, contraction and inversion; Interpolation

Fn S: S has a derivation of depth at most n.

Weakening and contraction lemma

If =o' = Athen H,I¢p=>A
If -, = A then +, [ = ¢, A
If -, T,¢,0= A then +,,¢=A

If - = a,a,A then +, = a, A

Right contraction is not sound with respect to
all formulas since, e.g., (pV=p) Vv (pV-p) H
pV —p.
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Depth-preserving weakening, contraction and inversion; Interpolation

Fn S: S has a derivation of depth at most n.

Weakening and contraction lemma

If =o' = Athen H,I¢p=>A
If -, = A then +, [ = ¢, A
If -, T,¢,0= A then +,,¢=A

If - = a,a,A then +, = a, A

Right contraction is not sound with respect to
all formulas since, e.g., (pV=p) Vv (pV-p) H
pV —p.

Inversion lemma

All rules except R\ are depth-preserving
invertible.

Eg., (RA) FaT = ¢pA), A implies -, [ = ¢, A
and +, I = ¢, A.
16/21
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Depth-preserving weakening, contraction and inversion; Interpolation

Fn S: S has a derivation of depth at most n.

Weakening and contraction lemma

If =o' = Athen H,I¢p=>A
If -, = A then +, [ = ¢, A
If ~ol, 0,0 = A then +,, 0= A

If - = a,a,A then +, = a, A

Right contraction is not sound with respect to
all formulas since, e.g., (pV=p) Vv (pV-p) H
pV —p.

Inversion lemma

All rules except R\ are depth-preserving
invertible.

Eg., (RA) FaT = ¢pA), A implies -, [ = ¢, A
and +, I = ¢, A.

Let I'1; 2 be a partition of ' and Aj; As be a par-
tition of A. [ is a sequent interpolant of I'1; > =
Aq; Az if [isin the language (T1UA1)N(M2UA2);
if =M = I,Ar; and if = a1 = As.

Constructive proof of interpolation

If - = A, then for each pair of partitions
I1;M2, A1; Ap for T = A, there is a sequent
interpolant / of I';; T, = Ag; Ay, and if As is
classical, then / is classical.
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Countermodel search

One simple way of proving cutfree completeness of the system (similar to a proof for the classical G3
system) relies on the (semantic) invertibility of the rules and on the split property.

Countermodel search/completeness

There is a procedure that constructs a countermodel to ' = A from countermodels to sequents only
involving atomic formulas if there is such a countermodel. If there is no such countermodel, the
procedure yields a cutfree proof of [ = A.
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An example, with countermodels written above the sequent arrows:

{vs}
= p,p p,p{g} pP=p
L R- -p,p = L=
{vp) {vp} ) R-
{vp} p=p P =P p = —p P =P
p,p = Lv Lv
R- {vs} {vp}
{vp} pVv-p = p pV-p = —p
p=p p = -p Rw
R\ {vp,v5}
p=pV-p pv-op = pWV-p Ly
{VPV"E}
pV(pv=p) = pV-p

==x[4].A

= =x[¢:],4
= Rwv
== x[p1 V], A
denotes that = = x[¢1V ¢2], A holds iff either = = x[¢p1], A or = = x[#2], A holds.

=

oAt 1821
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Normal form for cutfree derivations

X
The notation HA means that the set of sequents/single sequent Y is derivable from the set of

Y
sequents/single sequent X using rules A.

Normal form for cutfree derivations

|| cpL
{ZE=1f(=)|=zc<R()}
” PL(\V) implies there is a f: R(I') > R(A) s.t. [| RV
r= A {E=A|=Ze¢R(N)}
A
[=A
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Example derivation

q,r=1r,p
q-orr=p Lo
q,-r=p,q g, -r=p,-r R~
RA

q,-r=p,qA-r
qA—-r=p,qA-r

pP=p,qA-r
pV(qA=r)=p,qA-r
pVv(gA-r)=pv(qA-r)
pv(gr-r)=(pv(gr-r))V(pVv(qgnrs))

R\

Properties of the system
0000080

q9,s=p,q q,5 = p,s
q,s=p,qAs
gqAS=p,qASs La

Lv

RA

p=p,qASs
pVv(qAs)=p,qAs

pv(qAs)=pv(qAs)

pv(ans) = (pv (@r-V(pviars) <V

LV

pv(gnr(=rVs))=(pv(qga-r))V(pv(qgas))
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Cut elimination
) For each = € R(I') and each A € R(I) there is
Given a cut a= A € R(O) s.t. a=a € f(E) and {/\,Ocz_/\} €
D, D, R(M, ¢) so:
Mr=q¢,A MNe¢=Xx
¢r| r=Aa z¢ Cut D Do
’ ’ == f(E), Q= A /\, a= A = g(/\,()zz,/\)
where D; and D» are cutfree, apply the normal

= A= f(2),g(A azn)
form theorem to D; and D, to obtain f: R(I') —
R(A,¢),g: R(M,$) - R(X) such that where D, and D, are classical (and f(Z) =
f(Z)',aza). By classical cut elimination, there
is then also a classical cutfree derivation of
=, A= f(Z),g(A,«). One can then show:

|| cpL || cpL
(Z=1(2)|ZeR(M)} {A=g(N)|AeR(N,¢)} Il cpe
”R\V ¢ ‘”R\\/ {E~A:>f(z),7g(/\QE,|/|\)|E€R(F)/\GR(H)}
{(E=4,¢0[=cR(M)} {A=%[AcR(N,¢)} RV
v (IAY {EA=AX|=eR(),ANeR(M)}
Fr=A¢ Mo¢=x A%

=AY
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